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Summary

The paper deals with a modelling and analysis stilte of three factor experiments with
control treatments which are included in levelghsf third factor C factor). It was assumed the
experiments considered are carried out in incorapptit-plotx split-block designs. In particular
a special attention was paid to possibilities aradistical consequences of applying the control
treatments in the experiment. Moreover, tools ascdbed which allow checking the general
balance and stratum efficiency of the design, a4 agethe performance of the experiments in
term of inference. Also a numerical example is @nésd to illustrate the method of the construc-
ting the design considered and the analysis of atadi@r mixed linear model.
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1. Introduction

The purpose of this paper is to present a meth@ddgsigning three factor
experiments with control treatments and a modeltlata obtained from them.
The experiments are laid out in split-pl®tsplit-block (SPSB) design. The
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complete (orthogonal) SPSB designs are the mostlyvidsed in agriculture
research (e.g. LeClerg et al., 1962, Mucha, 18@8erer and King, 2007, Wa-
das et al., 2004, 2005). In field experiments ceri@atments such as types of
cultivation, application of irrigation water etanay be necessary to arrange
them in strips (rows or columns) across each bldtien it is convenient to
arrange the plots of the design in the following/wthe columns (or the rows)
of the split-block design are split into smallergg to accommodate the third
factor. So, the third factor will be in the splipdesign in the relation to the
column (or row) treatments.

In the present paper we will consider one of theesaof incomplete SPSB
designs i.e. when a number of the levels of thedtfactor (sayC) is larger
than the number of appropriate for them strips witeach block. General
methodology of the complete and incomplete SPS&gds, i.e. designing,
modelling and statistical analysis, was presemntefimbrazy and Mejza (2003,
2004, 2006). Additionally in the present paper we assuhat control treat-
ments are included in the levels of the third facithe case of the SPSB de-
sign, when some control treatments are connecttdamother factor was con-
sidered in Ambrgy et al. (2008).

In the paper we are interested in the designshwhéwvegeneral balance
property only.

General balance defines an important class of degigvering virtually all
the traditional experimental designs and, in paldéic those considered. In such
designs all information matrices connected witlatimeent combinations mutu-
ally commute, and they have the same set of eigtorgeewhich define con-
trasts among treatment combination effects. lvadito joint information about
the contrasts from different strata where they esttmated. With incomplete
data sets, however, it may be difficult to fulfdll the conditions of general
balance (Houtman and Speed, 1983, Mejza, 1992)ext chapter of the pre-
sent paper we will remind the condition that shdwdfulfilled by the informa-
tion matrices of treatment combinations of the SE88gns.

In designing the considered three factor experimeamtwill use an aug-
mented block design as generating subdesign, wstigtistical property can
retain orthogonal block structure of the SPSB deshyt allow unbalanced
treatment structure. The incidence matrix of thibdesign is presented also in
Kachlicka and Mejza (2000).
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Augmented block designs (called also supplementeckidesigns) have
been often used in planning factorial experimeespecially in a research with
control or standard treatments (additional treats)efhere are also situations
in which an experimental material for certain tre@nts is limited. Then usu-
ally such treatments have less number of replinattban the rest of treatments
(see e.g. Caiski and Ceranka, 1974, Singh and Dey, 1979, Kachlet al.,
2000, 2001)

In the modeling data obtained from such experimemtdake into account
the structure of an experimental material and a-§ep randomization schema
of the different kinds of units. With respect te thnalysis of the obtained ran-
domization model with seven strata we will adopg #pproach, typical to the
multistratum experiments with orthogonal block stune (cf. Nelder, 19685
196%).

2. Assumptions and notations

Consider angx t x w) — experiment in which the first factor, say hass
levelsAy, A, ..., A, the second factor, s@; hast levelsBy, B,, ..., B, and the
third factor, sayC, hasw levelsC,, C,, ..., C,. Letv (= stw) be the number of
all treatment combinations.

We assume that a three factor experimental designtsre is the follow-
ing: we drawb blocks in such a way that they can be grouped fBuper-
blocks, so each superblock contam® blocks. It should be underlined that
number of superblocks and the number of blocksdensach superblock is
strictly connected with an applied here construgtirethod of that design. Each
block has a row-column structure wkh(= s) rows andk, (= t) columns of the
first order, shortly, columns I. Then each coluntmak to be split inté; (< w)
columns of the second order, shortly, columns #reHthe rows correspond to
the levels of the factof, termed also as row treatments or A treatments, th
columns | correspond to the levels of the fa@opicalled also column | treat-
ments or B treatments, and the columns Il are toramodate the levels of the
factorC termed as column Il treatments or C treatments.
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In the paper we consider the incomplete SPSB degitmrespect to the C
treatments, additionally we assume the C treatmeatsist of two groups
(w=w, +w,) called test and control treatments, respectively.

Let us consider a randomization model of obseraatithe form and pro-
perties of which are strictly connected with thefpened randomization pro-
cesses in the experiment. The randomization scludrtiee SPSB design con-
sists of four randomization steps performed inddpetly, that is by permuting
blocks, rows, columns | and columns Il. As a resiuét mixed model has the
following form (Ambrazy and Mejza, 2003, 2006)

6
y=A'r+ZDf£f +e, E(y):A'T, (2.2)
f=1

wherey is n dimensional vector of lexicographically orderedsetvations,
where n = bstk;, A' (n X V) is a knownde3|gn matrix fow treatment combina-
tions, Dl (nxh), D2 (n x by, D3 (n x bt), D4 (n x btky), D5 (n x bs, D6

(n x n), are design matrices for blocks, rows (withindig), columns | (within
blocks), column II (within columns ), whole plofaithin blocks) and subplots
(within whole plots) respectivelyr (v x 1) is the vector of fixed treatment
combination effects§q (b x 1), §» (bsx 1), &3 (bt x 1), &4 (btks x 1),

&5 (bstx 1), &g (nx 1), e (n x 1) are random effect matrices of blocks, rows,
columns I, columns Il, whole plots, subplots anchtécal errors, respectively.
The dispersion structure of the linear model (24k) be written as:

6
V(y) = fZ_Oyf Pt , (2.2)

where y, are nonnegative variance components and e} are a family of
known pairwise orthogonal projectors adding up he tdentity matrix (cf.
Houtman and Speed, 1983). The forms of these eratdare given in Ambey
and Mejza (2003, 2006). The range spa¢gPs} of P, f=10,1,..., 6, is
termed the-th stratum of the model and th¢/¢} are unknown stratum vari-
ances. The ranks of the projectd?s are as follows:
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r(P,) =1, r(P)=b-1, r(P,) =b(s-1), r(P,)=hb(t-1), (2.3)
r(P,) =bt(k; =1, r(P;) =b(s-D(t-1), r(P) =b(s—-Dt(k; ~1)

From (2.2) and the properties of the project®rsit follows that considered
design has an orthogonal block structure (cf. Neld®6%, Houtman and
Speed, 1983).

So, the model (2.1) can be analyzed using the rdstlieveloped for
multistratum experiments. In this case, we have atratum (0) generated by
the vector of ones, inter-block stratum (1), inew (within the block) stratum
(2), inter-column | (within the block) stratum (3hter-column Il stratum (4)
(within the column 1), inter-whole plot (within tHaock) stratum (5), and inter-
subplot (within the whole plot) stratum (6).

In this case we have 6 mentioned above main strathich stratum analy-
ses may be performed. The statistical analysesitwhedels related to the dif-
ferent strata are based on algebraic propertietratum information matrices
for treatment combinations, which are defined as

Af :APfA', f=1,2,...,6. (2.4)

The presented SPSB designs will be characterizedrdiog to their effi-
ciency of an estimation of treatment combinatiomparisons (called also or-
thogonal (basic) contrasts) in the strata witlpees to the followinggeneral
balanceproperty:

Afr_‘SAf':Afvr_‘SAf (25)

for f, f'=1,2,.., 6f#f andr™® =diag(l/ry,1/ry,..., 1), wherer is

the vector of replications of the treatment combares r =[ry,r,,...,1,]' -
Stratum efficiency factoréoted bysgy, ) for a set of orthogonal contrasts

(noted bycpt) are eigenvalues of the information matricgs , f = 1, 2,...,6

with respect tor ®. The contrasts are connected with comparisons gnarin
effects of the considered factors and interactifects between them.
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In the considered SPSB designs the general hypshmmcerning factok
effects, factoB effects and the interactioh x B effects will be testable in one
stratum only, which is appropriate for these effetttcan be shown (Ambigp
and Mejza, 2006) that all contrasts among effetth® A treatments will be
estimable inthe inter-row (within the block) stratum (2} means that general
hypothesis connected with the factris testable in this stratum only. Simi-
larly, general hypothesis connected with the fa&aowill be testable irthe
inter-column | (within the block) stratum (8nly and general hypothesis con-
nected with the interactioft x B will be testable irthe inter-whole plot (within
the block) stratum (5)Other contrasts among main effects of the faCtand
all interaction contrasts connected with this faetdl be estimable in one stra-
tum only or in two appropriate strata (see Example

The necessary sum of squares for “treatmerfis” if Table 1 can be
obtained from the formula

0
SST, =X epl(chr),1°,  f=1,2.., 6
h

while the sum of squares for errors are as follows
SSE; = SSY; - SSTy, where SS¥=yP:y.

These sums are sufficient to build the appropiatests.

Table 1.ANOVA in thef-th stratum,f=1, 2, ..6

Source of variation DF SS E(MS)
“Treatments” f) Vi =1(Ay) SST ViV tTA(T
Error () Ve =V — Vg SSE Ve Vi
Total () ve =1(P;) SSY; Vey; T TAT
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3. Construction method of the augmented SPSB desigin

In the paper we consider one case of a construofitimee augmented SPSB
design using traditional method based on Kronegkeduct of matrices[y()
(cf. Ambrazy et al., 2004, Ambrey and Mejza, 2003, 20@4 2006, Singh and
Dey, 1979).

So the incidence matrix with respect to blockshef 8PSB design is of the
form:

N, =1, 01, 0N, (3.1)

where N =Ny« is an incidence matrix of the augmented subdegigar C
treatments (the column Il treatments). The vecligysand 1; present one block
incidence matrices for the factofsandB in the SPSB design. It means that A
treatments and B treatments are in randomized @imglock (RCB) sub-
designs.

We assume the C treatments consist of two groegs,and control treat-
ments,W =W +W,. The test C treatmentw/) are allocated as in a RCB sub-
design and additional (control) Onp) treatments as in an incomplete sub-
design. So, the incidence matriX4+ has the following form (see, Kachlicka
and Mejza, 2000):

w2 Tl
RO, k|

In this subdesign we hav® blocks with IZ3 (=w,) units. The blocks are

grouped intaR superblocks of the same siz®/R blocks). The superblocks are
then supplemented loy(different in each superblock) additional treatisene.
w, = Rg. So, the number of units inside each block indlsignd’ is equal to

ky=ks+Q.
Let C, (=C.) be information matrices for C treatments in thé-su

(3.2)

designs. This matrix has two different eigenvalués:1 and ng:ﬁ with
ks

multiplicities equal to pl=1+R(g-1)+(w-1)=w+w,-R and p=R-1,
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respectively. It can be shown that the first clafssfficiency equal togg =1

is connected with the comparison 1) between thedgesup and the control
group of the C treatment<C( vs. C®), 2) among control C treatments inside
each superblockccf), 3) the test C treatments onlE{ ). The second class of

efficiency equal toglD refers to the comparisons among the control Ct-trea

ments between the superblocl&f().
Finally, parameters of the incomplete SPSB desigraa follows

v=stw, b=b;, k=stk,r =101 Orc, rc =[b,L, :(b/R)L, T (3.3)

wherev, b, k, r, rc denote the number of the treatment combinatidres num-
ber of the blocks, the size of the blocks, the mecf replication of the treat-
ment combinations, the vector of replication of€tments, respectively.

4. Example

To illustrate the theory presented in the papensitier a (2x 2 x 7) —
experiment of type SPSB. Note the number of A tneats and the number of
B treatments are equal to two, s6= t = 2 while the number of C treatments
w = 7. Suppose that the C treatments are allocatedeicdlumns Il according
to the incidence matrix given in (3.2):

Nd* =

OO R R R PR PR
OO RrR R R PR
e e
P PO R P PR

It was assumed (only for illustration) that thresttC treatmentsw = 3)
are allocated in a RCB design in four blocks¥ 4) of size equal to 3k = 3).
These blocks are grouped into tw £ 2) superblocks, each composed of two



MODELLING AND ANALYSIS OF SPLIT-PLOT x SPLIT-BLOCK. 11¢

blocks. Each superblock (with two blocks) of the BR@esign is augmented
with g = 2 different control C treatments. So, in the expent w, = Rq=4
different control C treatments will appear. The gmaeters of the augmented
subdesign for the C treatments are as follows:

W=7,bs=4, k=5, rc =[4,4,4,2 222, =1, py=5, e'= 06, p'=1.

Remaining factorsA andB (s =t = 2) are as in a complete (orthogonal) SPSB
design.

Finally, the considered SPSB design is describyethé incidence matrix
N, given in (3.1) and has the fortd, =1, 1, [I N . In accordance to (3.3)
its parameters are:

s=t=2,w=7, v=stw=28, b=4, k=20, r=1,01,0[4,4,4,22,272].

Figure 1 shows a row-column structure of one biocthe SPSB design and its
division into smaller strips.

EUs (columns I) EUs(columns 1)
for the B treatments for the C treatments

1 1 1 1 1 1 1

EUs(rows) -
for the A treatmen

Fig. 1. The structure of experimental units of a differertter inside each block in the considered
SPSB design

The sample layout (before four step randomizatimnijhe augmented SPSB
design in the Example is illustrated with Figure 2.
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Superblock 1

Block 1 Block 2
By B2 B B2
C, IC; iC3 ICs ICs [Cy IC, IC3 IC4 Cs CiiC; 1C3 1G4 iCs [C1 ICp 1G5 1G4 ICs
A E 0 0 v 0 0 0 v A 0 0 0 v 0 0 0 v
Superblock 2
Block 3 Block 4
B, B> B, B>
C: C; (G5 iICs (C7 [C1 IC; (G5 Cs iCr G G, (Cs (Cs iC7 [C1 ICo C3 Cs iCy
A E . . : . . . : A . . . : . . . :
A, E Az

Fig. 2. The sample layout (before randomization procedieaconsidered SPSB experiment design

According to the above plan the A treatments, Bittrents and C treat-
ments are allocated on the rows, columns | andnmadull, respectively. The
treatment combinations with the control treatmetits- G, are replicated twice
in this experiment.

Statistical properties of the considered designsarietly connected with
the algebraic properties of the stratum informatioatrices for the treatment
combinations (2.4). These matrices are (cf. Ampiand Mejza, 2006):

1 1, _1 1 .
A =203 DNGNG = rar) Ag=103, 001, =2 3,) DN NG
1 1 1 1

A,=—(, —EJZ) 0J,O0N.NL, A, :EJ2 al,0 (rg’—gNd*Ng*),

1c

1 1 1 . 1 1 .
As=(l, _5‘]2)|:| (I, _Ejz)DgNd*Nd*’ A=, _5‘]2) Oir, 0 (rca_gNd*Nd*)’
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where
(4 4 4 2 2 2 2]
4 4 4 2 2 2 2
4 4 4 2 2 2 2 ALy 211
N.N,.=/2 222200 =[21312 | 52141']
2 222200 * 2o
2 220022
22200 2 2
16 16 16 8 8 8 8]
16 16 16 8 8 8 8
16 16 16 8 8 8 8 1611 8L,
rcrg=8884444:{81,1,3 41,1,]
8 8 8 4 4 4 4 * A
8 8 8 4 4 4 4
'8 8 8 4 4 4 4

It can be shown that above information matricesiathe condition (2.5).

The eingenvalues of these information matricesutaied with respect to
r’ are called stratum efficiency factors (see TableThey refer to the eigen-
vectors which generate orthogonal contrasts.
Let

a =b, =[L-1/2, a,=b, =[11]'/2,

¢, =[L- 10,00,00]'/2v2, ¢;= [00011-1-1"/2/2,
c,=[L1- 20,000]'/2/6, cs=[444-3-3-3-3]'/2/66,
¢,=[0001-100'/2, ¢ = [1111111]'/+/20.

¢, = [0,0,0,0,0,1-1'/2,
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The eigenvectorp, =a; Ob, O¢;, (h=1,2,..,28j=k=1,2/1=1,
2,..., 7) are r®orthonormal, i.e., satisfy the conditions,r°p, =1 and
pirpy =0, forh Zh', h, h' =1, 2..., 28 Since A, 1,;=0, f> 0, the last ei-

genvectorp,s may be chosen as\lflzg, wheren = 80. Let us note that
n

C, = r5ph (h < 28) define (basic) contrasts of the foojr, h=1, 2 ...,27.
They play fundamental role in an investigation ttistical properties of the
SPSB design, in ANOVA and in a statistical inferenc

Statistical properties which are necessary in ANOdAthe augmented
SPSB design are given in Table 2. All calculatioana be do by different pro-
grams for example Excel and GenStat. Degrees etlfne connected with the
contrasts stand for the numbers of estimable csistren each stratum. The
ranks of the projector®; were obtained from (2.3).

It can be noticed that using the augmented SPSBrement design from
the Example we loss information about the contrast®ng the control C
treatments CS) and interaction contrasts connected with thenty.ohhese

contrasts are estimated with not full efficiencytimo strata. The remaining
contrasts are estimable with full efficiency in egriate stratum as in a com-

plete SPSB design (A, B, AB,C", CZ, C'vs.C°, Ax CT,Ax CJ, Ax
(Cvs.C%),BxC",Bx C ,Bx(C'vs.C%),AxBxC' AxBxCf,
A xBx (CTvs.C%)).

Table 2. Stratum efficiency factors corresponding to estimabthogonal contrasts from the Example

Sources of variation Degrees of freedom Efficiencydes
the inter-block stratum (1)
control C '[reatmen’[sCzC plD =1 1 —€1D= 0,4
Error (1) r(P)—1=2
the inter-row (within the block) stratum (2)
A s—1=1 1
A xCS (s-)p'=1 1-£=04
Error (2) r(P)—2=2
the inter-column | (within the block) stratum (3)
B t—-1=1 1
B x CS t-)p’=1 1-£=04

Error (3) r(Py)—2=2
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the inter-column Il (within the column 1) stratud) (

C w—1=6
test C treatment€ " ,O(I)] -3=2 1
control C treatmentéllc pg— 3=2 1
control C treatmentélg ,01D =1 EE =0,6
Clvs.C 1 1
BxC t-1@w-1)=6
BxC' t-)(pg-3) =2 1
BxCf (t-D(p5 -3 =2 1
Bx CS t-)p’=1 & =06
Bx(C'vs.C®) (t-1)m1=1 1
Error (4) r(Py) —12=20
the inter-whole plot (within the block) stratum (5)
A xB (s-1)t-1)=1 1
A xB x CS (s-)(t-p’=1 1-£=04
Error (5) r(Ps)—2=2
the inter-subplot (within the whole plot) stratud) (
AxC (s-1)fv— 1)=6
AxCT (s=D(p5-3)=2 1
AxCf (s-1(p5 -3 =2 1
Ax CS (s-1)pf'= £ =06
Ax (CTvs.C%) (s-ni1=1 1
AxBxC (s-1)t-1)v-1)=6
AxB x CT (s=D)(t-1)(p5-3) =2 1
AxB x Cf (s=D(t-1(p5 -3 =2 1
AxB x CS (s-1(t-1pf=1 £ =06
AxB x(C'vs.C%) (s-D(t-1=1 1

Error (6) r(Pg) -12 =20




124 KATARZYNA AMBRO ZY, IWONA MEJZA

4. Remarks

1. Further statistical analysis connected with gainand particular hy-
potheses can be performed according to procedives on Ambray and Me-
jza (2006).

2. Statistical inferences (estimates and testsjtaite contrasts which are
estimated in two strata can be obtained using nf@mation separately from
one stratum only or performing for them the combimstimation and testing
based on information from these strata in whicly thee estimable. The com-
bined estimators usually possesse better statigitoperties than the stratum
BLUEs of the same contrast. Hence, the estimatmbaaing is worth consider-
ing (Calinski and Kageyama, 2000). Some combining methodafofmation
from two strata are described in Ambyand Mejza (2006) also.
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MODELOWANIE | ANALIZA DOSWIADCZEN TYPU
SPLIT-PLOT x SPLIT-BLOCK Z OBIEKTAMI KONTROLNYMI
W OBREBIE CZYNNIKA C

Streszczenie

Praca dotyczy modelowania i analizy wynikéw tréjaaikowych d@wiadczé z obiektami
kontrolnymi, ktére g wtaczone do pozioméw trzeciego czynnika (C). Psiyjze ddwiadczenia
byly zatazone w uktadzie niekompletnym split-plstsplit-block. Szczegéinuwag: zwrécono w
pracy na mgliwosci i konsekwencje zastosowania obiektéw kontrolnychodwiadczeniu. Po-
nadto, zostaly opisane nadzia pozwalajce na sprawdzenie zaréwno wdavosci ogélnego
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zrownowaenia i warstwowej efektywrsoi uktadu, jak i maliwosci wnioskowania z tego typu
doswiadcze. Przedstawiono teke numeryczny przykiad, ilustragy metoa konstrukcji rozwaa-
nego uktadu i analizy danych przy modelu liniowym sagnym.

Stowa kluczowe rozszerzony uktad blokowy, obiekty kontrolne, ogéiméwmowaenie, uktad
split-plot x split-block, warstwowa efektywré, obiekty testowe

Klasyfikacja AMS 2000: 62K10, 62K15



