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Summary

In the paper the model of a two—way profile analysiconsidered. There are given tests of
hypotheses verified in such the model.
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1. Introduction

In many experiments measurements are provided texfigaon the same
units. For example, the contents of a microelen&mheasured on the same
plant repeatedly during its growing, psychologitadts are provided on the
same person in some time distances etc. As a reSolbservations for each
unit a vector of measurements is obtained. Itescthat observations provided
on the unit are not independent. There are at teasways of analyzing results
of such data. The first way consists in estimathegydependence within a vec-
tor of observations and then methods of growth ewmalysis or time series
analysis are used. Those methods usually requsa#iaiently large number of
observations per unit. In the second way the methafdmultivariate linear
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models methods are applied, especially profileyai®l Here by profile is un-
derstood the plot of results obtained on the sanie 8uppose now that ob-
served units are divided into disjoint groups. Bgraup profile is meant the
plot of mean values of individual profiles of unitsa group. The aim of the
profile analysis is to investigate interrelatioredvieeen group profiles.

The literature on the multivariate statistical migde rather plenteous (see
References). Some books and articles on the sudjeagiven in bibliography.
Statistical profile analysis as a part of multiedei linear models is considered
in all cited papers. Unfortunately, only so callede-way profile analysis is
considered, but nether two—way. As because twafagxperiments are fre-
guently provided in agriculture there is a needtafls for two—way profile
analysis. Tests for hypotheses verified in two—wage are explicitly shown in
the third section of the paper. In the second seraif the paper main ideas of
one--way profile analysis are recalled.

2. Some remarks on a one-way profile analysis

Suppose thal objects are divided intk groups of sizedN,,...,N, re-

spectively. For each object we have a vectqy observations (for example, the
same variate is measurpdimes). Observations may be modeled in the folhgwi
way:

y; =& +g, 1=1...,N,,i=1...k,

wherey; = [yijl,..., yijp] is the vector of observations on ki unit in thei-

th group, §; = [Eil,...,Eip] is the mean vector fdrth group andg; is thep-

vector of random errors. The model may be writtethe terms of a single ob-
servation as

Yin =$n t &1 =LK, [ =1 N, h=1...,p.

Vectorsg,,...&§, may be presented graphically as profiles (seerégd, B, C
for k =3 and p =4). The main aim of the one-way profile analysisiverify

three hypotheses on profiles. The first one isgtinestion if profiles arparallel
(Fig. A.). This hypothesis is written in the form:



TWO-WAY PROFILE ANALYSIS WITH INTERACTION 71

611_212 Ekl_EkZ

ELp—1_Elp Ek,p—l _Ekp

or equivalently

&n—&ipa =const Oh (i=1....k).

N W kR YD

Fig. A Fig. B Nonequal Fig. C
Parallel profiles levels of groups Equal response means

The second question is agual level of groups: are the mean values of the
observed variables the same or not (different symbols @nrtght side of the
Fig. B):

P P p
D& = =) & or D &, =const(i =1...,k).

The third question ggual response mearnss if the overall means in groups
are the same or not (bullets in the Fig. C):

k Kk k
D&y ==>&, or > & =consth.
i=1 i=1 i=1

The tests for all above hypotheses may be foun¢foinexample) Morrison
(1967).

The problems of comparison of profiles in a two—wexperiment are
analogous. Details are given in the next section.
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3. Two—way profile analysis

Consider the following linear model for observaton
yijlh =M, T ay, +Tjh +r]ijh +8ij|h J

fori=1...,k; j=1...,c;l =1....mandh=1...,p; p>1. Herekis the
number of levels of the first treatmentjs the number of levels of the second
treatmentm is the number of independent vectors of obsematin each com-
bination andp >1 is the number of random variables observed périeelthe
dimension of observed vector. For convenience tlegadl number of observa-
tions we denote byN = kcm. In the model,y, is a general mean dith re-

sponse;, is an effect ofth level of the first treatment dith responseT , is
an effect ofth level of the second treatmentluth responser), is an effect of

interaction ofith andjth levels of treatments ohnth response and,, is an
usual normal random variable term.

In matrix notation

Y =Xp+e,
where Y, is the matrix of observations,,, is the matrix of random errors,
X=[L:, 01,01, 0%.:,.01],
and
o 0y o Ogq Ty o Tg Tha o Tha
L=
:up alp akp Z-1p Z-cp ,711p ,7kcp

Here 1, is thez-vector of ones|], is the identity(zx z) -matrix. In what fol-

lows the nullz-vector and nuII(z1 X 22)-matrix will be exploit and will be de-

noted by0, andO
Rankr of matrixX is of coursec.

respectively.

21 X2,y
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Below there are given tests for all hypothesisfieiin the two—way pro-
file analysis. Because all hypothesis are of thenffA.1) (see Appendix) in all
tests the statistic (A.2) is applied. Hence theiteb& only given explicit formu-
lae for matrices (A.3) and (A.4). Ransandu of the appropriate matrices will
be given as well.

Test of the parallelism of profiles of all treatmes
H : 44, = 44 ey = CONSE Dh(i =1,...,K; ] :l...,c).
Matrix notation
H:CBM =0,
C=C[1.1,011,%x1 1]
with
Cl =[I kc—lz_lkc—l] ’ M = [I p-1 - lp—l]'
Here g =kc—-1andu = p-1.

Test of equality of general means

H :u, =const Oh.

Matrix notation
H:CBM =0,
C= [150k+c+kc], M =]l p_15—1,)_1]'.

Hereg=1andu=p-1.
Test of the parallelism of profiles of the first treatment

H:a,-a,,=constOh(i=1...k).

Matrix notation
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H:CBM =0,

C= [Ok-1 EC1 O(k—l)x(k+1)c]

with
C,=ll:-1,4], M=l p_15—1,)_1]' .

Hereg=k-1andu=p-1.

Test of the parallelism of profiles of the second¢atment
H:7), =7 ,,=constlh (j :],...,c).

Matrix notation
H:CBM =0,

C= [Oc—l O(c—l)Xk Cl O(c—l)Xkc]

with
C,=lly:-1,], M=l p_15—1,)_1]' .

Hereg=c-1andu=p-1.

Test of the parallelism of profiles of interactions
H 12y, =1 ey = CONst Uh (i =1...,K; ] :],...,c).

Matrix notation
H:CBM =0,

C =[O0 1)(e-1) - Ope-setuiere) -k B Cai = Ly UGy

with
C,=lly:-1,], M=l p_15—1,)_1]' .

Here g = (k -1)(c-1) andu = p-1.
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Test of the equality of levels of all treatments

H :Zp:,uijh =const (i=1...k;j=1...,c).
h=1

Matrix notation
H:CBM =0,

C:C1[1kcslc O Ikzlcx]'kEIkC]

with
Cl = [I kc—lE - 1kc—1]’ M = 1p .

Here g =kc—-1 andu =1.

Test of the equality of levels of the first treatmet

H :Zp:aih =const (i =1...,k).
h=1

Matrix notation

H:CBM =0,

C =[0,.,:C; 0 pye(xsae]
with
C=[lai-L,), M =1,
Hereg =k -1 andu=1.

Test of the equality of levels of the second treatemt

H :zp:rjh =const (j=1...,c).

h=1
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Matrix notation

H:CBM =0,

C =[04 Ofc_sp :C1: O ppuec]
with
C,=[lui-1.] . M=1,.
Hereg=c-1andu=1.

Test of the equality of levels of interactions

H :Zp:qijh =const (i=1...k;j=1...,c).
h=1

Matrix notation

H:CpM =0,

C =[0p1)(c) * Opa)(capvre) 1o D Cr i =Ly O Cy]
with
C,=[lui-1.] . M=1,.
Here g = (k -1)(c-1) andu =1.
Test of the equality of response means of all treaents

C

H ZK:Z My, =const Oh .

i=1 j=1
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Matrix notation

H:CBM =0,

C= [li'l.+k+c+kc] , M = [I P—lE - 1P‘1]’ )

Hereg=1andu=p-1.

Test of the equality of response effect of thieth level of the first treatment

H :a, =const Uh.

Matrix notation

H:CpM =0,

C=[0'€,:0,:0,]

with

& =[ey,-...&] . Qni:{l = . M =]l

. . =1
Oif m=#i

p-1° p—l]’ :

Hereg=1andu=p-1.

Similarly for levels of the second treatment aneéiiactions.

4. Concluding remarks

In the paper there are given exact formulae fdingsypothesis in a two-
way profile analysis. Using given formulae it isitgueasy to do analysis nu-
merically with the aid of the standard mathematmatkages as Mathematica,

Mathlab and other. Unfortunately, any of knowrthe author statistical pack-
ages do not preform profile analysis.
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Appendix
Multivariate linear model:
Y =Xp+e
where Y, — matrix of observationsX,,,— matrix of experiment, B, ,—
matrix of unknown coefficients,,,, — matrix of random errors. It is assumed
that € =[g,:---:g,]', where g, is a p-vector distributed asz(Op,Z) for

i=1...,N, ¢ and g; are independent fdr# j.
Test for hypothesis

HO ngqﬁqxp M pxu = 0 (Al)

r =rank(X), g=rank(C), u=rank(M), s=min(g,r) is based on the
statistic (see for example Morrison 1976)

F :VTVtrHE‘l, (A2)
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wheret =|g—u|, w=N-r —u and
H = M'Y'X(X'X) C(C(X'X)"C') C(X'’X) X'YM (A3)
E=MY' (I =X(XX) X J¥M . (A.4)

HypothesisH, is not rejected att level if F < F(a;t,w), F(o;t,w) being a

critical value of theF distribution with (t,w) degrees of freedom.
Useful matrix in the two-way model:

- 1 e e o
X =———11,:B,:B,:B,]|,
(k+1)(c+1)m[ N 1 2 3]

where

2 ((C +1)| k _]‘clc’)l:J 1km'
; ((c+1)| ) —1616')5 ((k = —1k1k')D 1.

=1, 0{(k+1)1, 1,3, )01,

o W W
1

Of course(X'X)” =X (X")". Now, matrix| , = X(X'X) X" as well as other
matrices may be easy obtained.

DWUCZYNNIKOWA ANALIZA PROFILOWA
Z INTERAKCJAMI

Streszczenie

W pracy rozwaany jest model dwuczynnikowej z interakcjami analizofilowej. Podane
s testy hipotez weryfikowanych w takim modelu.

Stowa kluczowe analiza profilowa, wielowymiarowa analiza stayg=ina, déwiadczenie dwu-
czynnikowe

Klasyfikacja AMS 2000: 62H15, 62J10



