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Summary

In this paper, the issues related to the regular D-optimal chemical balance weighing design are
considered. We study these designs under assumption: the measurement errors are equally non-
negative correlated they have the same variances. Here we present the existence conditions of the
regular D-optimal design and construction methods.
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1. Introduction

In some problems related to the determining unknown measurements of
objects the following linear model is considered

y=Xw+e
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(i) y isan nx1 vector of observed results of N measurements,

(i) Xe®,,(-101), @, ,(-101) is the class of nxp (n>p)
matrices X = (xij ) i=12,..,n, j=12,..., p,of known elements equal
to —1,1or0,

(iii) w isa px1 vector of unknown measurements of p objects,

(iv) e isan nx1 vector of random errors.

We assume that E(e)=0,, and Cov(e)= o>G ,where 0, is vector of zeros,

o >0 is known parameter, G isthe nxn symmetric positive definite matrix of
known elements given in the form

G=g(l-p)1,+p1,1,) g>0,0<p<I, (L1)

where g, p are known, |, denotes identity matrix of rank n and 1, denotes
nx1l vector of ones. The inverse of matrix G is given as

e-l=<g<1—p>>-1[nn Ly 1']

1+ pn-1) "
For the estimation of unknown measurements of objects w we use the
normal equations X'GXW=XG™y. The design Xe(I)nxp(—l,O,l) is

nonsingular if and only if the matrix X G X is nonsingular, i.e. if and only if X
is of full column rank. Assuming that X'G X is nonsingular, the generalized

. -1
least squares estimator of w is given by W:(X G_lx) XG_ly and

~ ! —_— _1 - ! —_ - - -
Var(W) = o (X G 1X) . The matrix M = X G "1X is called the information
matrix of the design X.
The problem is to estimate all unknown measurements of objects with the
smallest product of their variances and because of this D-optimality criterion is

considered. Therefore, for each form of G and given number of measurements
n and number of objects p, in the set of all design matrices (interchangeable

called “designs”) X e ®,,,(~1,0,1) we indicate such matrix X for which the

determinant of M~ is minimal. For details, we refer Jacroux et al. (1983),
Masaro and Wong (2008), Katulska and Smaga (2013). Selected applications of
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such designs are given in Banerjee (1975). The relations between chemical
balance weighing designs and the factorial designs are given in Cheng et al.
(2004). The practical applications of such designs in the agriculture, medicine as
well as in industry branches are presented in Bose and Bagchi (2007), Jacroux
(2009).

The aim of the paper is to determine the D-optimal chemical balance
weighing designs in the classes in that it was not possible according to the
construction methods given in previous papers, see Ceranka and Graczyk (2014-
2016). Here, we present new results related to the D-optimal chemical balance
weighing designs assuming that the random errors are equally non-negative
correlated and with the same variances. Presented construction method of D-
optimal design is based on the incidence matrices of the balanced incomplete
block designs and balanced bipartite weighing designs. We give the lower bound
for the determinant of the inverse of the information matrix and the list of the
parameters of D-optimal experimental plans.

2. The main result

Let us consider the design matrix Xefl)nxp(—l,o,l) with the variance

matrix of errors o2G , where G is given in (1.1). From Ceranka and Graczyk
(2016) we have

Definition 2.1. Any chemical balance weighing design X e ®,, (—1, 0,1) with

the variance matrix of errors o°G , where G is given in (1.1), is regular D-
optimal if det(M‘l):(g(l—p)m‘l)p, where m= max{ml,mz,....,mp}, m;

represents the number of elements equal to —1 and 1 in j™ column of X, the
number of nonzero elements, j=12,...,p.

Theorem 2.1. Any chemical balance weighing design X e (I)nxp(—l,O,l) with

the variance matrix of errors &°G , where G is given in (1.1), is regular D-
optimal if and only if

(i) XX=ml_ if p=0,

(i) XX=ml and X1, =0,if 0<p<1.
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It worth noting, the condition X'ln :0p indicates that the numbers of

elements equal to -1 and +1 in each column of the design matrix
Xe®,,, (~1,0,1) are the same.

The aim of the paper is to determine D-optimal chemical balance weighing
designin givenclass @, , (— 1, 0,1), i.e. to give the design matrix. Many different

block designs are used in the literature for the construction of such design matrix.
Here, we introduce the construction of the matrix X e (I)nxp(—l,O,l) from the

incidence matrices of the balanced incomplete block design and the balanced
bipartite weighing design. Thus, we recall the definitions of these designs.

Balanced incomplete block design there is the design, which describes how
to replace Vv treatments in b blocks such that each block containing K distinct
treatments and each treatment appears in r blocks. Every pair of treatments
appears in A blocks. The parameters v, b, r, k, A are related by the following

identities vr =bk, A(v—1)=r(k-1). Let N be the incidence matrix of such
design with elements equal to 1 or 0. We have NN =(r — 1)1, + 21,1, .

The balanced bipartite weighing designs there is the design in that we replace
Vv treatments in b blocks such that each block containing k distinct treatments

is divided into 2 subblocks containing k; and k, treatments, respectively,
k =k, +K, . Each treatment appears in r blocks. Every pair of treatments from
different subblocks appears together in A; blocks and every pair of treatments

from the same subblock appears together in A, blocks. The parameters are related
by the following identities

vr =blk, +k;) b=054v(v-1)kik,)™ =052k +k,)v-1)kik,)™

Ay =0.5(2, (K, (k; —1)+ Ky, (k, —1))Xk;k, )", 1f k, #k,, then each object
occurs in 1y blocks in the first subblock and in r, blocks in the second subblock,
n+r,=r, =054(v-1k,", r,=054(v-1)k;*.N" is the incidence
matrix of such design with the elements equal to 0 or 1 and
NN = (=24 = )1, + (4 + )11,
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Let us consider the design matrix X e ® ., (~1,0,1) in the form

nxp

2N, -1, 1,
xz[ Lo } (2.1)
N,

where N, is the incidence matrix of the balanced incomplete block design with
the parameters v, b, 1, k,, 4, and N; is the incidence matrix of the balanced
bipartite weighing design with the parameters v, b,, r,, K;,, K,,, 4, 4,, . From
the matrix N; , we obtain matrix N, by multiplying all elements belonging to the
fiirst subblock by —1. In the design matrix X e ®,,,(~1,0,1) in the form (2.1),

m=b+r,, n=b +b,, p=v.If k,#K,,, then each column of this matrix

contains I, +r,, elements equal +1, b, —r, +1,, elementsequal -1 and b, +Tr,
elements equal to 0.

Lemma 2.1. Any chemical balance weighing design X (I)nxp(—l,O,l) in the

form (2.1) with the variance matrix of errors o°G , where G isgivenin (1.1),is
nonsingular if and only if

(i) v =2k, or
(i1) Ky # ko

Proof. For the design X € ®,,(~1,0,1) given above we have

Xlx = (4('1 _/11)"' r _}“22 +/112 )Iv + (bl —4(I’1 _21)4'/?'22 _ﬁ’lZ)lvl;/ (2-2)

and

det(X’X): (4(!’1 - 11)"‘ r,— ﬂ“zz + 112 )H [;_1 (V - 2k1)2 + l:_z(klz - kzz )zj

1 2

From the above, the thesis is obvious.
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Theorem 2.2. Let p=0. Any chemical balance weighing design

Xe (I)nxp(—l,o,l) in the form (2.1) with the variance matrix of errors ->G ,
where G is given in (1.1), is regular D-optimal if and only if

b1_4(r1_/11)+ﬂ*22_ﬂ1220- (2.3)

Proof. The thesis is the result derived from the Theorem 2.1 and equality (2.2).
In this case det(M‘l): (gm‘l)p .

In particular, the equality given in (2.3) is true if b, = 4(rl —/L_) and A, =4,.
Hence

Corollary 2.1. Any chemical balance weighing design Xe ®_, (—1, 0,1) in the

form (2.1) with the variance matrix of errors (;ZIn is regular D-optimal if and
only if

(i) b =4(r-4) and

(i) Ap =4y, -

Theorem 2.3. The existence of the balanced incomplete block designs and the
balanced bipartite weighing design with the parameters

() v=b=4s®, r=k=s(2s+1), A =s(s+1) and v=4s?,
b, = 2us?(4s? -1), r, = 2u(4s? ~1), k, =1, k=3, A, =4, =3U,
s,u=12,...,

(i) v=b=4s*, r=k=52s-1), A =s(s-1) and v=4s
b2:2us( ) U(4S )’ ki, =1, ky =3, 4, =4, =3U,

s,u=12,...,
(i) v=4s?, b =4st, r,=(2s-1t, k,=s(2s-1) A4 =(s-1)t and
v=4s®, b, :2usz(432—1), r =2u(452—1), k,=1, k,=3,

112 :ﬂ'zz =3u, s,t,u=12,.., s<t,
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(iv) v=(2s-1F, b =4(s-1)t, r,=4t(s-1), k,=2s-1 4, =(2s-3)t
and v=(2s-1), b, =2su(2s—1f(s—1), r,=8su(s-1), k=1,
kK,=3,4,=4,,=3U, s,t,u=12,..., 2s-1<4t,

implies the existence of the regular D-optimal chemical balance weighing design
Xe®, (-1,0,1) inthe form (2.1) with the variance matrix of errors ol .

Proof. It is easy to prove that parameters of the balanced incomplete block
designs and the balanced bipartite weighing design satisfy the condition (2.3).

The equality given in (2.3) is also true if b1—4(r1—/11):a and
Ay — A, =—a, a #0.Hence

Theorem 2.4. The existence of the balanced incomplete block designs and the
balanced bipartite weighing design with the parameters

() v=4s+1, b =2(4s+1), r=4s, k=2s, A4=2s-1 and

v=4s+1,b,=s(4s+1), r,=8s, k,=2, k,=6, 4,=6, 1,=8
s=2,3,..., 4s+1 isprime or prime power,

(i) v=4s+1), b =2(4s+3), ,=4s+3, k =2(s+1), 4 =2s+1
and v=4(s+1), b,=4(s+1)4s+3), r,=7(4s+3), k,=2,
Ky, =5, A, =20, 4, =22, s=12,...,

(i) v=b =8s+7, nr=k=4s+3, A4 =2s+1 and v=8s+7,
b,=(4s+3)8s+7), r,=7(4s+3), k,=2, k,=5, 4,=10,
A =11,5=12,..,

implies the existence of the regular D-optimal chemical balance weighing design
Xe®,, (~10,1) inthe form (2.1) with the variance matrix of errors oI .

Proof. It is easy to prove that parameters of the balanced incomplete block
designs and the balanced bipartite weighing design satisfy the condition (2.3).

Theorem 2.5. Let v = 6. The existence of the balanced incomplete block designs

and the balanced bipartite weighing design with the parameters

(i) b,=10, =5, k=3, 4 =2and b,=6,1,=6, k,=1, k,=5,
A =2, Ay =4,
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(i) b =20, =10, k=3, A4 =4 and b,=30, r,=25, k,=1,
Kp =4, 4,=8, 4, =4,

(iii) b1=30, rl=10,k1=2, /11_:2 and b2=6, I‘2=6, k12=1, k22=5
/112:2’/122:4’

implies the existence of the regular D-optimal chemical balance weighing design
Xe®,,,(~10,1) in the form (2.1) with the variance matrix of errors oI .

Proof. It is easy to check that parameters of the balanced incomplete block
designs and the balanced bipartite weighing design satisfy the condition (2.3).

Theorem 2.6. Let v =7 . The existence of the balanced incomplete block designs
and the balanced bipartite weighing design with the parameters

() b=21,r=6k=2, 4=1and

(@ b,=21,r,=9s, k,=s, k,=2s, A,=2s", A, =2s"-1,
s=12,

() b, =7.1,=7, k,=3, ky=4,4,=4, 2, =3,
(i) b=7s,r=3s,k=3 4=s, s=12..5and

(@ for s=1,b,=21,1,=21, k,=2, k,,=5, 4,=10, 4,,=11

(b) for s=2,b,=211,=15, k,=1, k,=4, 4, =4, A, =6,
(c) for s=3,b,=7,1,=7, k,=1, k,=6, 4,=2, 4, =5,

(d) for s=4,b,=42,1,=15, k, =1, ky, =4, A, =8, A, =12,
(e) for s=5,b,=21,1,=18, k, =1, k, =5, 4,=5, 4, =10

implies the existence of the regular D-optimal chemical balance weighing design
X e®,,,(~10,1) in the form (2.1) with the variance matrix of errors I .

Proof. It is obvious that parameters of the designs given above satisfy the
condition (2.3).
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Theorem 2.7. Let v = 8. The existence of the balanced incomplete block designs
with the parameters b, =28, 1, =7s, k, =2s, A, = s(2s—1) and the balanced
bipartite weighing design with the parameters

(i) for s=1
(@ b,=56,r1,=8, k,=2, k,=3, 4,=12, 1,, =8,
(b) b,=56,r,=56, k,=3, k,,=5,4,=30, 4,, =26,
(i) for s=2
@ b,=8,r,=8, k,=1, k,=7,4,=2,1,,=6,
(b) b,=28,r,=28, k,=2, k,,=6, 4,=12, 4,, =16,
() b,=56,r1,=35 k,=1, k,,=4,1,=8, 1,=12,

implies the existence of the regular D-optimal chemical balance weighing design
Xe®, (-1,0,1) in the form (2.1) with the variance matrix of errors &l ..

Proof. In order to prove this Theorem one may observe that parameters of the
balanced incomplete block designs and the balanced bipartite weighing design
satisfy the condition (2.3).

Theorem 2.8. Let v=10. The existence of the balanced incomplete block
designs with the parameters b, =30, r,=3s, k,=s, 4, =s-1 and the
balanced bipartite weighing design with the parameters

(i) for s=3
(@ b,=90,r1,=27, k,=1, k,,=2, 4,=4, 1,,=2
(b) b,=30,r,=21, k,=3, k,,=7, 4,=8, 4, =6,
(i) for s=4
@ b,=30,r,=21, k,=1, k,,=6, 4,=4, 1,=10
(b) b,=10,r,=10, k,=1, k,,=9, 4,=2, 4, =8,

implies the existence of the regular D-optimal chemical balance weighing design
Xe®, (-1,0,1) inthe form (2.1) with the variance matrix of errors ol .
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Proof. It is easy to prove that parameters of the balanced incomplete block
designs and the balanced bipartite weighing design satisfy the condition (2.3).

Theorem 2.9. Let v=11. The existence of the balanced incomplete block

designs with the parameters b, =11s, r,=5s, k, =5, 4 =2s and the
balanced bipartite weighing design with the parameters

(i) for s=1
@ b,=11,1,=6, k,=1, k, =5, A, =1, A4, =2,
(b) b,=55,1,=35 k,=2, k,=5, A, =10, A, =11,
(i) for s=2,b,=55,1,=25, k,=1, k,=4, A,=4, A,,=6,
(i) for s=3,b,=55,1,=50, k,=3, ky,=7, A, =21, A, =24

implies the existence of the regular D-optimal chemical balance weighing design
Xe®, (-1,0,1) in the form (2.1) with the variance matrix of errors o1 .

Proof. It is enough to observe that parameters of the balanced incomplete block
designs and the balanced bipartite weighing design satisfy the condition (2.3).

Theorem 2.10. Let v=13. The existence of the balanced incomplete block
designs and the balanced bipartite weighing design with the parameters

() b =13, =4 k=4, 4=1and

(@ b,=78, r,=18s, k,=Ss, k,, =25, A, =2s%,
Ay =2.5(55-3), s=12

(b) b,=13s, r,=s+12, k,=4,=5-s, Kk,,=4,=6-5,
s=23

©) b,=26,1,=20, k,=4, k,=6, A, =8, 1, =7,

(d) b,=78,1,=66, k,=4, Ky,=7, A, =28, A,,=27,

) b,=39,1,=39, k,=5, Kk, =8, 4, =20, A, =19
(i) b =26,1=8 k=4, A4=2and
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(a) b2=398, r2=3(5+2)2, k12:25_52+31 k22=5’
A, =5(s+1), Ay, =55+3,

(b) b,=26,1,=26, k,=6, ky,=7, A, =14, A, =12,
(i) b,=39,r =15 k =5, A4 =5 and
@ b,=39,1,=15, k,=1, k=4, A,=2, A, =3,

() b,=39s, r,=6(s+5), k,=2(3-s), ky=11-3s,
A, =2(11-3s), A,, =23-6s, s=1,2,

(¢ b,=13s, r,=7s+6, k,=5-5, k22=s‘1(52+25+6),
A, =5+5, 4, =546, s=12,

(ivy b =26,r=12,k =6, 4 =5 and
(@ b,=39,r,=24, k,=2, k,=6, 4,=6, 4,, =8,

implies the existence of the regular D-optimal chemical balance weighing design
Xe®, (~1,0,1) in the form (2.1) with the variance matrix of errors &l ,.

Proof. It is obvious that parameters of the designs (i)-(iv) satisfy the condition
(2.3).

Theorem 2.11. The existence of the balanced incomplete block designs and the
balanced bipartite weighing design with the parameters

Q) v=9, bl:18, rn==8, k1:4, A =3 and v=9, b2:18, r, =16,
k12:2’ k22=6’/112=6’ﬁ“22:8

iy v=12, b =11s, =11, k, =125, A =12s" -1 and

(@ for s=2, b,=132, r,=132, k,=5, k,=7, A4,=70,
A, =62,

(b) fors=3,b,=66,r,=33, k,=2, k,,=4,4,=8,1,,=7,

(c) for s=4, b,=132, r,=77, k,=2, k,=5 A,=20,
A, =22,
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(i) v=15, b =42, r =14, k=5 A4 =4 and v=15, b,=105,
r,=56, k,=3, k,=8, 4, =15, 4, =13,

implies the existence of the regular D-optimal chemical balance weighing design
Xe®, (-1,0,1) in the form (2.1) with the variance matrix of errors o1 .

Proof. Putting the parameters given above into the conditions (i) and (ii) of
Corollary 2.1 you obtain the equality.
In the special case, if I, = A, then (2.3) implies that b, = 4, — 4,, and

Corollary 2.2. For any v, the existence of the balanced bipartite weighing design
with the parameters v, b,, ,, k,, K, 4,, 4, for which k, #k,, and

A, > A, implies the existence of the regular D-optimal chemical balance
weighing design X e @, ,(~1,0,1) in the form

1,1,
X=| "o .
{Nj, 2

- - - 2 _
with the variance matrix of errors ol , where b, =4, = 4,,.

Theorem 2.12. The existence of the balanced bipartite weighing design with the
parameters

() v=2s+1, b,=s(2s+1), r,=8s, k,=3, k,=5, A,=15,

Ay, =13, s=45,...,
(i) v=6s, b,=6s(6s-1), r,=3(6s-1), k,=1, k,=2, 4,=4,
An=2,5=12,...,

implies the existence of the regular D-optimal chemical balance weighing design
Xe (I)nxp(—l,O,l) in the form (2.4) with b, = 2 the variance matrix of errors
2

I

o b,+2 *

Proof. The proof is straightforward by the observation that parameters of the
designs (i)-(ii) satisfy the condition (2.3).
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Theorem 2.13. The existence of the balanced bipartite weighing design with the
parameters

(i) v=2s+1,b,=5(2s+1), 1,=3s, k,=1, ky, =2, 4,=2, 4, =1,
§=2,3,...,except s =5,

(i) v=4s+1, b,=s(4s+1), r,=5s, k, =2, ky,=3, 1,=3, 1, =2,
s=23,..,

(i) v=2s+1,b,=s(2s+1), r,=6s, k,=2, k,=4, 4,=8, 1,=7,
s=34,...,

(iv) v=2s, b,=s(2s-1), r,=3(2s-1), k,=2, k,=4, 4,=8,
Ap=T1,5=34,..,

implies the existence of the regular D-optimal chemical balance weighing design

Xe®,,,(-10,) in the form (2.4) with b, =1 the variance matrix of errors

ng|b2+1'

Proof. The main idea of the proof is to check that parameters given above satisfy
the condition (2.3).

Theorem 2.14. Let 0< p<1 and K;, #K,, . Any chemical balance weighing
design X e®,,(~1,0,1) in the form (2.1) with the variance matrix of errors
c°G , where G is given in (1.1), is regular D-optimal if and only if (2.3) holds
and

_ /112 (V _1)(k12 — kzz) _
b —2r + 2Kk, =0. (2.5)

Proof. For the design matrix X e @, ,(~1,0,1) in the form (2.1) and from the

condition X X =ml  of Theorem 2.1 we obtain (2.3). The equality X,1, =0,

implies that in each column of the matrix X the number of elements equal to -1
is the same as the number of elements equal to 1. Thus b, — 1, +1, =1, +1,,.

— ﬂiz(v_l) /112(\/_1)

Since for k;, #K,,, we have r, =—-—-% r,, =—=—— then we obtain
2k,, 2k,

(2.5).
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Theorem 2.15. Let 0 < p <1. The existence of the balanced incomplete block
designs and the balanced bipartite weighing design with the parameters

(i) v=8, =28, r=7,k=2, 4,=1and v=8, b,=56, r,=56,
k,=3, k,=5,4,=30, 4, =26,

(i) v=9, b=24s,=8s,k =3, 4,=2sandv=9,b,=36,r1,=16,
k,=1, k,=3,4,=3,1,=3,5=12,

(i) v=12, b =11s, r,=11, k, =125, A, =12s" -1 and
(@ fors=3,b,=66,1,=33, k,=2, k,=4,1,=8,1,=7,
(b) for s=4, b,=132, r,=132, k,=5, k,=7, 4,=70,

Ay =62,

(iv) v=13, b =39, =15,k =5, A4 =5and v=13, b, =39, r, =15,
k12:1’ k22=4’/112:2’ﬂ“22=3’

(vy v=15, b =42, =14, k=5, A4 =4 and v=15, b, =105,
r,=5, k,=3, k,=5,4,=15, 4,,=3,

(vij v=16, b, =40, =15k =6, 4 =5andv=16, b, =80, r, =20
k=1 k=3, 4, =2, 4, =2,

(vi) v=25, b =40, =16, k, =10, A4, =6 and v=25, b, =100,
r,=16, k,=1, k, =3, 14,=1, 4,, =1,

implies the existence of the regular D-optimal chemical balance weighing design
Xe®,,,(~10,1) in the form (2.4) with the variance matrix of errors o-*G for
G in(1.1).

Proof. To see this Theorem we observe that parameters (i)-(vii) satisfy the
conditions (2.3) and (2.5).
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3. Discussion

It is worth to point out, that it is not possible to determine D-optimal chemical
balance weighing design in any class (IJnXp(—l, O,l). Therefore, in present paper
we wide the class of D-optimal designs given in literature, see Ceranka and
Graczyk (2014-2017). The methods of construction of the regular D-optimal
chemical balance weighing designs with non-negative correlated errors based on
the set of the incidence matrices of the balanced bipartite weighing designs and
the ternary balanced block design were given in Ceranka and Graczyk (2016).

Let p=0 and let p=10. Based on the Theorem 2.3 (i) of Ceranka and
Graczyk (2016) we are able to determine the regular D-optimal chemical balance
weighing design in the class @, 4., (—1, O,l), whereas based on the Theorem 2.8
given above in the class @,,,,(~1,0,1). Moreover, based on the results given in
Ceranka and Graczyk (2016) we are not able to determine the regular D-optimal
chemical balance weighing design for p =8 objects under assumptions o =0
and 0 < p <1, but such design is indicated in the class @, (~1,0,1) (Theorem
2.7) for p=0 and in the class @, ,(~1,0,1) for 0< p <1.If 0< p <1, then
the regular D-optimal design we determine in the class (I>140X12(—1, 0,1) (Th.2.6

(if) s =3) in Ceranka and Graczyk (2016) and here in the class (I)ggxlz(—l, 0,1).

It seems to be important from the point of view of experimental costs, as in present
paper we are able to indicate the regular D-optimal design in smallest number of
measurements.

4. Example

Let us consider the experiment in that we determine unknown measurements
of p =6 objects by used of n =16 measurements assuming that the correlation

between measurement errors equals po=0. We construct the matrix
Xe d)lsxe(—l,o,l) according to the Theorem 2.5(i). Let N, be the incidence
matrix of the balanced incomplete block design with the parameters v =26,
b, =10, r,=5, k=3, 4, =2 and let N, be the incidence matrix of the
balanced bipartite weighing design with the parameters v=6, b, =6, r, =6,
k, =1, k,, =5, 4, =2, 4,, =4 given in the forms
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where 1_ denotes the element belonging to the ¢ subblock, respectively,

c=12.

According to the formula (2.1) we form the matrix X € ®, ¢ (—1,0,1) of the

regular D-optimal chemical balance weighing design as

-1
-1

-1
-1

1
1
-1
-1
-1

1
1
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-1
-1
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1
-1

1
1
-1

1

1 -1 -1

1

-1

-1
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5. Conclusions

The problem of the determining D-optimal chemical balance weighing
design in any class @ (—1,0,1) is still open. From the theoretical point of view,

nxp
the conditions under that the design Xe(I)nxp(—l,O,l) is regular D-optimal

under assumption the errors are equal correlated and they have the same variances
are given above. However, the construction methods of the matrices satisfying
these conditions for any number of objects and measurements are not given. The
construction problems require further studies.
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