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Summary 

In this paper, the issues related to the regular D-optimal chemical balance weighing design are 
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1. Introduction 

In some problems related to the determining unknown measurements of 
objects the following linear model is considered 

eXwy +=  



2 BRONISŁAW CERANKA, MAŁGORZATA GRACZYK 

 

(i) y  is an 1×n  vector of observed results of n  measurements,  

(ii) ( )1,0,1−∈ ×pnΦX , ( )1,0,1−×pnΦ  is the class of pn×  ( )pn ≥  

matrices ( )ijx=X , ni ,...,2,1= , pj ,...,2,1= , of known elements equal 

to 1− , 1 or 0,  

(iii) w  is a 1×p  vector of unknown measurements of p  objects, 

(iv) e  is an 1×n  vector of random errors.  

We assume that ( ) n0e =E  and ( ) Ge 2Cov σ= , where n0  is vector of zeros, 
0>σ  is known parameter, G  is the nn×  symmetric positive definite matrix of 

known elements given in the form 

 ( )( ) 10,0,1 ' <≤>+−= ρρρ gg nnn 11IG , (1.1) 

where ρ,g  are known, nI  denotes identity matrix of rank n  and n1  denotes 
1×n  vector of ones. The inverse of matrix G  is given as 

( )( ) ( ) 







−+

−−= −− '11

11
1 nnn n

g 11IG
ρ
ρρ . 

For the estimation of unknown measurements of objects w  we use the 
normal equations yGXwXGX 1'1' ˆ −− = . The design ( )1,0,1−∈ ×pnΦX  is 

nonsingular if and only if the matrix XGX 1' −  is nonsingular, i.e. if and only if X  
is of full column rank. Assuming that XGX 1' −  is nonsingular, the generalized 

least squares estimator of w  is given by ( ) yGXXGXw 1'11'ˆ −−−=  and 

( ) ( ) 11'2ˆVar
−−= XGXw σ . The matrix XGXM 1' −=  is called the information 

matrix of the design X .  

The problem is to estimate all unknown measurements of objects with the 
smallest product of their variances and because of this D-optimality criterion is 
considered. Therefore, for each form of G  and given number of measurements 
n  and number of objects p , in the set of all design matrices (interchangeable 
called “designs”) ( )1,0,1−∈ ×pnΦX  we indicate such matrix X  for which the 

determinant of 1−M  is minimal. For details, we refer Jacroux et al. (1983), 
Masaro and Wong (2008), Katulska and Smaga (2013). Selected applications of 
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such designs are given in Banerjee (1975). The relations between chemical 
balance weighing designs and the factorial designs are given in Cheng et al. 
(2004). The practical applications of such designs in the agriculture, medicine as 
well as in industry branches are presented in Bose and Bagchi (2007), Jacroux 
(2009). 

The aim of the paper is to determine the D-optimal chemical balance 
weighing designs in the classes in that it was not possible according to the 
construction methods given in previous papers, see Ceranka and Graczyk (2014-
2016). Here, we present new results related to the D-optimal chemical balance 
weighing designs assuming that the random errors are equally non-negative 
correlated and with the same variances. Presented construction method of D-
optimal design is based on the incidence matrices of the balanced incomplete 
block designs and balanced bipartite weighing designs. We give the lower bound 
for the determinant of the inverse of the information matrix and the list of the 
parameters of D-optimal experimental plans. 

2. The main result 

Let us consider the design matrix ( )1,0,1−∈ ×pnΦX  with the variance 

matrix of errors G2σ , where G  is given in (1.1). From Ceranka and Graczyk 
(2016) we have 

Definition 2.1. Any chemical balance weighing design ( )1,0,1−∈ ×pnΦX  with 

the variance matrix of errors G2σ , where G  is given in (1.1), is regular D-

optimal if ( ) ( )( )pmg 11 1det −− −= ρM , where { }pmmmm ,....,,max 21= , jm  

represents the number of elements equal to 1−  and 1 in j th column of X , the 
number of nonzero elements, pj ,...,2,1= .  

Theorem 2.1. Any chemical balance weighing design ( )1,0,1−∈ ×pnΦX  with 

the variance matrix of errors G2σ , where G  is given in (1.1), is regular D-
optimal if and only if  

(i) pmIXX ='  if 0=ρ ,   

(ii) pmIXX ='  and pn 01X ='  if 10 << ρ .  



4 BRONISŁAW CERANKA, MAŁGORZATA GRACZYK 

 

It worth noting, the condition pn 01X ='  indicates that the numbers of 
elements equal to –1 and +1 in each column of the design matrix 

( )1,0,1−∈ ×pnΦX  are the same. 

The aim of the paper is to determine D-optimal chemical balance weighing 
design in given class ( )1,0,1−×pnΦ , i.e. to give the design matrix. Many different 
block designs are used in the literature for the construction of such design matrix. 
Here, we introduce the construction of the matrix ( )1,0,1−∈ ×pnΦX  from the 
incidence matrices of the balanced incomplete block design and the balanced 
bipartite weighing design. Thus, we recall the definitions of these designs. 

Balanced incomplete block design there is the design, which describes how 
to replace v  treatments in b  blocks such that each block containing k  distinct 
treatments and each treatment appears in r  blocks. Every pair of treatments 
appears in λ  blocks. The parameters λ,,,, krbv  are related by the following 
identities bkvr = , ( ) ( )11 −=− krvλ . Let N  be the incidence matrix of such 
design with elements equal to 1 or 0. We have ( ) ''

vvvr 11INN λλ +−= .  

The balanced bipartite weighing designs there is the design in that we replace 
v  treatments in b  blocks such that each block containing k  distinct treatments 
is divided into 2 subblocks containing 1k  and 2k  treatments, respectively, 

21 kkk += . Each treatment appears in r  blocks. Every pair of treatments from 
different subblocks appears together in 1λ  blocks and every pair of treatments 
from the same subblock appears together in 2λ  blocks. The parameters are related 
by the following identities  

( )21 kkbvr += , ( )( ) 1
211 15.0 −−= kkvvb λ , ( )( )( ) 1

21211 15.0 −−+= kkvkkr λ ,  

( ) ( )( )( )( ) 1
21221112 115.0 −−+−= kkkkkkλλ . If 21 kk ≠ , then each object 

occurs in 1r  blocks in the first subblock and in 2r  blocks in the second subblock, 

rrr =+ 21 , ( ) ( ) 1
112

1
211 15.0,15.0 −− −=−= kvrkvr λλ . *N  is the incidence 

matrix of such design with the elements equal to 0 or 1 and 
( ) ( ) '

2121
*'*

vvvr 11INN λλλλ ++−−= . 
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Let us consider the design matrix ( )1,0,1−∈ ×pnΦX  in the form 

 






 −
= '

2

''
1 1

2
N

11N
X vb , (2.1) 

where 1N  is the incidence matrix of the balanced incomplete block design with 

the parameters 1111 ,,,, λkrbv  and *
2N  is the incidence matrix of the balanced 

bipartite weighing design with the parameters 2212221222 ,,,,,, λλkkrbv . From 

the matrix *
2N , we obtain matrix 2N  by multiplying all elements belonging to the 

first subblock by –1. In the design matrix ( )1,0,1−∈ ×pnΦX  in the form (2.1), 

21 rbm += , 21 bbn += , vp = . If 2212 kk ≠ , then each column of this matrix 
contains 221 rr +  elements equal +1, 1211 rrb +−  elements equal –1 and 22 rb +  
elements equal to 0.  

Lemma 2.1. Any chemical balance weighing design ( )1,0,1−∈ ×pnΦX  in the 

form (2.1) with the variance matrix of errors G2σ , where G  is given in (1.1), is 
nonsingular if and only if  

(i) 12kv ≠   or 

(ii) 2212 kk ≠ . 

Proof. For the design ( )1,0,1−∈ ×pnΦX  given above we have 

 ( )( ) ( )( ) '
12221111222211

' 44 vvv rbrr 11IXX λλλλλλ −+−−++−+−=  (2.2) 

and  

( ) ( )( ) ( ) ( ) 







−+−⋅+−+−= − 2

2212
2

22
1

1

11
1222211

' 24det kk
k
rkv

k
rrr vλλλXX

 

From the above, the thesis is obvious.  
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Theorem 2.2. Let 0=ρ . Any chemical balance weighing design 

( )1,0,1−∈ ×pnΦX  in the form (2.1) with the variance matrix of errors G2σ , 
where G  is given in (1.1), is regular D-optimal if and only if  

 ( ) 04 1222111 =−+−− λλλrb .  (2.3) 

Proof. The thesis is the result derived from the Theorem 2.1 and equality (2.2). 

In this case ( ) ( )pgm 11det −− =M .  

In particular, the equality given in (2.3) is true if ( )111 4 λ−= rb  and 1222 λλ = . 
Hence 

Corollary 2.1. Any chemical balance weighing design ( )1,0,1−∈ ×pnΦX  in the 

form (2.1) with the variance matrix of errors nI2σ  is regular D-optimal if and 
only if  

(i) ( )111 4 λ−= rb   and 

(ii) 1222 λλ = . 

Theorem 2.3. The existence of the balanced incomplete block designs and the 
balanced bipartite weighing design with the parameters 

(i) 2
1 4sbv == , ( )1211 +== sskr , ( )11 += ssλ  and 24sv = , 

( )142 22
2 −= susb , ( )142 2

2 −= sur , 112 =k , 322 =k , u32212 == λλ , 
,...2,1, =us ,  

(ii) 2
1 4sbv == , ( )1211 −== sskr , ( )11 −= ssλ  and 24sv = , 

( )142 22
2 −= susb , ( )142 2

2 −= sur , 112 =k , 322 =k , u32212 == λλ , 
,...2,1, =us , 

(iii) 24sv = , stb 41 = , ( ) tsr 121 −= , ( )121 −= ssk  ( ) ts 11 −=λ  and 
24sv = , ( )142 22

2 −= susb , ( )142 2
2 −= sur , 112 =k , 322 =k , 

u32212 == λλ , ,...2,1,, =uts , ts ≤ , 
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(iv) ( )212 −= sv , ( ) tsb 141 −= , ( )141 −= str , 121 −= sk  ( ) ts 321 −=λ  

and ( )212 −= sv , ( ) ( )1122 2
2 −−= sssub , ( )182 −= ssur , 112 =k , 

322 =k , u32212 == λλ , ,...2,1,, =uts , ts 412 ≤− , 

implies the existence of the regular D-optimal chemical balance weighing design 
( )1,0,1−∈ ×pnΦX  in the form (2.1) with the variance matrix of errors nI2σ . 

Proof. It is easy to prove that parameters of the balanced incomplete block 
designs and the balanced bipartite weighing design satisfy the condition (2.3). 

The equality given in (2.3) is also true if ( ) αλ =−− 111 4 rb  and 
αλλ −=− 1222 , 0≠α . Hence 

Theorem 2.4. The existence of the balanced incomplete block designs and the 
balanced bipartite weighing design with the parameters  

(i) 14 += sv , ( )1421 += sb , sr 41 = , sk 21 = , 121 −= sλ  and 
14 += sv , ( )142 += ssb , sr 82 = , 212 =k , 622 =k , 612 =λ , 822 =λ

,...3,2=s , 14 +s  is prime or prime power, 

(ii)  ( )14 += sv , ( )3421 += sb , 341 += sr , ( )121 += sk , 121 += sλ  
and ( )14 += sv , ( )( )34142 ++= ssb , ( )3472 += sr , 212 =k , 

522 =k , 2012 =λ , 2222 =λ , ,...2,1=s ,  

(iii)  781 +== sbv , 3411 +== skr , 121 += sλ  and 78 += sv , 
( )( )78342 ++= ssb , ( )3472 += sr , 212 =k , 522 =k , 1012 =λ , 
1122 =λ , ,...2,1=s ,  

implies the existence of the regular D-optimal chemical balance weighing design 
( )1,0,1−∈ ×pnΦX  in the form (2.1) with the variance matrix of errors nI2σ . 

Proof. It is easy to prove that parameters of the balanced incomplete block 
designs and the balanced bipartite weighing design satisfy the condition (2.3). 

Theorem 2.5. Let 6=v . The existence of the balanced incomplete block designs 
and the balanced bipartite weighing design with the parameters 

(i) 101 =b , 51 =r , 31 =k , 21 =λ  and 62 =b , 62 =r , 112 =k , 522 =k , 
212 =λ , 422 =λ , 
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(ii) 201 =b , 101 =r , 31 =k , 41 =λ  and 302 =b , 252 =r , 112 =k , 
422 =k , 812 =λ , 422 =λ , 

(iii) 301 =b , 101 =r , 21 =k , 21 =λ  and 62 =b , 62 =r , 112 =k , 522 =k  
212 =λ , 422 =λ , 

implies the existence of the regular D-optimal chemical balance weighing design 
( )1,0,1−∈ ×pnΦX  in the form (2.1) with the variance matrix of errors nI2σ . 

Proof. It is easy to check that parameters of the balanced incomplete block 
designs and the balanced bipartite weighing design satisfy the condition (2.3). 

Theorem 2.6. Let 7=v . The existence of the balanced incomplete block designs 
and the balanced bipartite weighing design with the parameters  

(i) 211 =b , 61 =r , 21 =k , 11 =λ  and  

(a)  212 =b , sr 92 = , sk =12 , sk 222 = , 2
12 2s=λ , 12 2

22 −= sλ , 
2,1=s , 

(b)  72 =b , 72 =r , 312 =k , 422 =k , 412 =λ , 322 =λ , 

(ii) sb 71 = , sr 31 = , 31 =k , s=1λ , 5,...,2,1=s  and  

(a) for 1=s , 212 =b , 212 =r , 212 =k , 522 =k , 1012 =λ , 1122 =λ
, 

(b) for 2=s , 212 =b , 152 =r , 112 =k , 422 =k , 412 =λ , 622 =λ , 

(c) for 3=s , 72 =b , 72 =r , 112 =k , 622 =k , 212 =λ , 522 =λ , 

(d) for 4=s , 422 =b , 152 =r , 112 =k , 422 =k , 812 =λ , 1222 =λ , 

(e) for 5=s , 212 =b , 182 =r , 112 =k , 522 =k , 512 =λ , 1022 =λ  

implies the existence of the regular D-optimal chemical balance weighing design 
( )1,0,1−∈ ×pnΦX  in the form (2.1) with the variance matrix of errors nI2σ . 

Proof. It is obvious that parameters of the designs given above satisfy the 
condition (2.3). 
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Theorem 2.7. Let 8=v . The existence of the balanced incomplete block designs 
with the parameters 281 =b , sr 71 = , sk 21 = , ( )121 −= ssλ  and the balanced 
bipartite weighing design with the parameters  

(i) for 1=s  

(a)  562 =b , 82 =r , 212 =k , 322 =k , 1212 =λ , 822 =λ , 

(b)  562 =b , 562 =r , 312 =k , 522 =k , 3012 =λ , 2622 =λ , 

(ii) for 2=s  

(a)  82 =b , 82 =r , 112 =k , 722 =k , 212 =λ , 622 =λ , 

(b)  282 =b , 282 =r , 212 =k , 622 =k , 1212 =λ , 1622 =λ , 

(c)  562 =b , 352 =r , 112 =k , 422 =k , 812 =λ , 1222 =λ , 

implies the existence of the regular D-optimal chemical balance weighing design 
( )1,0,1−∈ ×pnΦX  in the form (2.1) with the variance matrix of errors nI2σ . 

Proof. In order to prove this Theorem one may observe that parameters of the 
balanced incomplete block designs and the balanced bipartite weighing design 
satisfy the condition (2.3). 

Theorem 2.8. Let 10=v . The existence of the balanced incomplete block 
designs with the parameters 301 =b , sr 31 = , sk =1 , 11 −= sλ  and the 
balanced bipartite weighing design with the parameters 

(i) for 3=s  

(a)  902 =b , 272 =r , 112 =k , 222 =k , 412 =λ , 222 =λ   

(b)  302 =b , 212 =r , 312 =k , 722 =k , 812 =λ , 622 =λ , 

(ii) for 4=s   

(a)  302 =b , 212 =r , 112 =k , 622 =k , 412 =λ , 1022 =λ   

(b)  102 =b , 102 =r , 112 =k , 922 =k , 212 =λ , 822 =λ , 

implies the existence of the regular D-optimal chemical balance weighing design 
( )1,0,1−∈ ×pnΦX  in the form (2.1) with the variance matrix of errors nI2σ . 
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Proof. It is easy to prove that parameters of the balanced incomplete block 
designs and the balanced bipartite weighing design satisfy the condition (2.3). 

Theorem 2.9. Let 11=v . The existence of the balanced incomplete block 
designs with the parameters sb 111 = , sr 51 = , 51 =k , s21 =λ  and the 
balanced bipartite weighing design with the parameters 

(i) for 1=s   

(a)  112 =b , 62 =r , 112 =k , 522 =k , 112 =λ , 222 =λ , 

(b)  552 =b , 352 =r , 212 =k , 522 =k , 1012 =λ , 1122 =λ , 

(ii) for 2=s , 552 =b , 252 =r , 112 =k , 422 =k , 412 =λ , 622 =λ , 

(iii) for 3=s , 552 =b , 502 =r , 312 =k , 722 =k , 2112 =λ , 2422 =λ   

implies the existence of the regular D-optimal chemical balance weighing design 
( )1,0,1−∈ ×pnΦX  in the form (2.1) with the variance matrix of errors nI2σ . 

Proof. It is enough to observe that parameters of the balanced incomplete block 
designs and the balanced bipartite weighing design satisfy the condition (2.3). 

Theorem 2.10. Let 13=v . The existence of the balanced incomplete block 
designs and the balanced bipartite weighing design with the parameters  

(i) 131 =b , 41 =r , 41 =k , 11 =λ  and  

(a)  782 =b , sr 182 = , sk =12 , sk 222 = , 2
12 2s=λ , 

( )355.222 −= sλ , 2,1=s  

(b)  sb 132 = , 122 += sr , sk −== 52212 λ , sk −== 61222 λ , 
3,2=s  

(c) 262 =b , 202 =r , 412 =k , 622 =k , 812 =λ , 722 =λ , 

(d)  782 =b , 662 =r , 412 =k , 722 =k , 2812 =λ , 2722 =λ , 

(e)  392 =b , 392 =r , 512 =k , 822 =k , 2012 =λ , 1922 =λ   

(ii) 261 =b , 81 =r , 41 =k , 21 =λ  and 
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(a)  sb 392 = , ( )22 23 += sr , 32 2
12 +−= ssk , 522 =k , 

( )1512 += sλ , 3522 += sλ , 

(b)  262 =b , 262 =r , 612 =k , 722 =k , 1412 =λ , 1222 =λ , 

(iii) 391 =b , 151 =r , 51 =k , 51 =λ  and 

(a)  392 =b , 152 =r , 112 =k , 422 =k , 212 =λ , 322 =λ , 

(b)  sb 392 = , ( )562 += sr , ( )sk −= 3212 , sk 31122 −= , 
( )s311212 −=λ , s62322 −=λ , 2,1=s , 

(c)  sb 132 = , 672 += sr , sk −= 512 , ( )6221
22 ++= − sssk , 

512 += sλ , 622 += sλ , 2,1=s , 

(iv) 261 =b , 121 =r , 61 =k , 51 =λ  and 

(a)  392 =b , 242 =r , 212 =k , 622 =k , 612 =λ , 822 =λ , 

implies the existence of the regular D-optimal chemical balance weighing design 
( )1,0,1−∈ ×pnΦX  in the form (2.1) with the variance matrix of errors nI2σ . 

Proof. It is obvious that parameters of the designs (i)-(iv) satisfy the condition 
(2.3). 

Theorem 2.11. The existence of the balanced incomplete block designs and the 
balanced bipartite weighing design with the parameters  

(i) 9=v , 181 =b , 81 =r , 41 =k , 31 =λ  and 9=v , 182 =b , 162 =r , 
212 =k , 622 =k , 612 =λ , 822 =λ  

(ii) 12=v , sb 111 = , 111 =r , 1
1 12 −= sk , 112 1

1 −= −sλ  and  

(a) for 2=s , 1322 =b , 1322 =r , 512 =k , 722 =k , 7012 =λ , 
6222 =λ , 

(b) for 3=s , 662 =b , 332 =r , 212 =k , 422 =k , 812 =λ , 722 =λ , 

(c) for 4=s , 1322 =b , 772 =r , 212 =k , 522 =k , 2012 =λ , 
2222 =λ , 
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(iii) 15=v , 421 =b , 141 =r , 51 =k , 41 =λ  and 15=v , 1052 =b , 
562 =r , 312 =k , 822 =k , 1512 =λ , 1322 =λ , 

implies the existence of the regular D-optimal chemical balance weighing design 
( )1,0,1−∈ ×pnΦX  in the form (2.1) with the variance matrix of errors nI2σ . 

Proof. Putting the parameters given above into the conditions (i) and (ii) of 
Corollary 2.1 you obtain the equality. 

In the special case, if 11 λ=r  then (2.3) implies that 22121 λλ −=b  and 

Corollary 2.2. For any v , the existence of the balanced bipartite weighing design 
with the parameters v , 2b , 2r , 12k , 22k , 12λ , 22λ , for which 2212 kk ≠  and 

2212 λλ >  implies the existence of the regular D-optimal chemical balance 
weighing design ( )1,0,1−∈ ×pnΦX  in the form  

 







= '

2

'
1

N
11

X vb , (2.4) 

with the variance matrix of errors nI2σ , where 22121 λλ −=b . 

Theorem 2.12. The existence of the balanced bipartite weighing design with the 
parameters  

(i) 12 += sv , ( )122 += ssb , sr 82 = , 312 =k , 522 =k , 1512 =λ , 
1322 =λ , ,...5,4=s , 

(ii) sv 6= , ( )1662 −= ssb , ( )1632 −= sr , 112 =k , 222 =k , 412 =λ , 
222 =λ , ,...2,1=s , 

implies the existence of the regular D-optimal chemical balance weighing design 
( )1,0,1−∈ ×pnΦX  in the form (2.4) with 21 =b  the variance matrix of errors 

2
2

2+bIσ . 

Proof. The proof is straightforward by the observation that parameters of the 
designs (i)-(ii) satisfy the condition (2.3). 
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Theorem 2.13. The existence of the balanced bipartite weighing design with the 
parameters  

(i) 12 += sv , ( )122 += ssb , sr 32 = , 112 =k , 222 =k , 212 =λ , 122 =λ , 
,...3,2=s , except 5=s , 

(ii) 14 += sv , ( )142 += ssb , sr 52 = , 212 =k , 322 =k , 312 =λ , 222 =λ , 
,...3,2=s ,  

(iii)  12 += sv , ( )122 += ssb , sr 62 = , 212 =k , 422 =k , 812 =λ , 722 =λ , 
,...4,3=s ,  

(iv) sv 2= , ( )122 −= ssb , ( )1232 −= sr , 212 =k , 422 =k , 812 =λ , 
722 =λ , ,...4,3=s ,  

implies the existence of the regular D-optimal chemical balance weighing design 
( )1,0,1−∈ ×pnΦX  in the form (2.4) with 11 =b  the variance matrix of errors 

1
2

2+bgIσ . 

Proof. The main idea of the proof is to check that parameters given above satisfy 
the condition (2.3). 

Theorem 2.14. Let 10 << ρ  and 2212 kk ≠ . Any chemical balance weighing 
design ( )1,0,1−∈ ×pnΦX  in the form (2.1) with the variance matrix of errors 

G2σ , where G  is given in (1.1), is regular D-optimal if and only if (2.3) holds 
and  

 
( )( ) 0

2
12

2212

221212
11 =

−−
+−

kk
kkvrb λ

. (2.5) 

Proof. For the design matrix ( )1,0,1−∈ ×pnΦX  in the form (2.1) and from the 

condition pmIXX ='  of Theorem 2.1 we obtain (2.3). The equality pn 01X ='
1  

implies that in each column of the matrix X  the number of elements equal to –1 
is the same as the number of elements equal to 1. Thus 2211211 rrrrb +=+− . 

Since for 2212 kk ≠ , we have 
( )

22

12
12 2

1
k
vr −

=
λ

, 
( )

12

12
22 2

1
k
vr −

=
λ

 then we obtain 

(2.5).  
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Theorem 2.15. Let 10 << ρ . The existence of the balanced incomplete block 
designs and the balanced bipartite weighing design with the parameters  

(i) 8=v , 281 =b , 71 =r , 21 =k , 11 =λ  and 8=v , 562 =b , 562 =r , 
312 =k , 522 =k , 3012 =λ , 2622 =λ , 

(ii) 9=v , sb 241 = , sr 81 = , 31 =k , s21 =λ  and 9=v , 362 =b , 162 =r , 
112 =k , 322 =k , 312 =λ , 322 =λ , 2,1=s ,  

(iii) 12=v , sb 111 = , 111 =r , 1
1 12 −= sk , 112 1

1 −= −sλ  and  

(a) for 3=s , 662 =b , 332 =r , 212 =k , 422 =k , 812 =λ , 722 =λ , 

(b) for 4=s , 1322 =b , 1322 =r , 512 =k , 722 =k , 7012 =λ , 
6222 =λ , 

(iv) 13=v , 391 =b , 151 =r , 51 =k , 51 =λ  and 13=v , 392 =b , 152 =r , 
112 =k , 422 =k , 212 =λ , 322 =λ , 

(v) 15=v , 421 =b , 141 =r , 51 =k , 41 =λ  and 15=v , 1052 =b , 
562 =r , 312 =k , 522 =k , 1512 =λ , 322 =λ , 

(vi) 16=v , 401 =b , 151 =r , 61 =k , 51 =λ  and 16=v , 802 =b , 202 =r
, 112 =k , 322 =k , 212 =λ , 222 =λ , 

(vii) 25=v , 401 =b , 161 =r , 101 =k , 61 =λ  and 25=v , 1002 =b , 
162 =r , 112 =k , 322 =k , 112 =λ , 122 =λ , 

implies the existence of the regular D-optimal chemical balance weighing design 
( )1,0,1−∈ ×pnΦX  in the form (2.4) with the variance matrix of errors G2σ  for 

G  in (1.1). 

Proof. To see this Theorem we observe that parameters (i)-(vii) satisfy the 
conditions (2.3) and (2.5). 
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3. Discussion 

It is worth to point out, that it is not possible to determine D-optimal chemical 
balance weighing design in any class ( )1,0,1−×pnΦ . Therefore, in present paper 
we wide the class of D-optimal designs given in literature, see Ceranka and 
Graczyk (2014-2017). The methods of construction of the regular D-optimal 
chemical balance weighing designs with non-negative correlated errors based on 
the set of the incidence matrices of the balanced bipartite weighing designs and 
the ternary balanced block design were given in Ceranka and Graczyk (2016).  

Let 0=ρ  and let 10=p . Based on the Theorem 2.3 (i) of Ceranka and 
Graczyk (2016) we are able to determine the regular D-optimal chemical balance 
weighing design in the class ( )1,0,110119 −×Φ , whereas based on the Theorem 2.8 
given above in the class ( )1,0,11040 −×Φ . Moreover, based on the results given in 
Ceranka and Graczyk (2016) we are not able to determine the regular D-optimal 
chemical balance weighing design for 8=p  objects under assumptions 0=ρ  
and 10 << ρ , but such design is indicated in the class ( )1,0,1836 −×Φ  (Theorem 
2.7) for 0=ρ  and in the class ( )1,0,1884 −×Φ  for 10 << ρ . If 10 << ρ , then 
the regular D-optimal design we determine in the class ( )1,0,112140 −×Φ  (Th. 2.6 
(ii) 3=s ) in Ceranka and Graczyk (2016) and here in the class ( )1,0,11299 −×Φ . 
It seems to be important from the point of view of experimental costs, as in present 
paper we are able to indicate the regular D-optimal design in smallest number of 
measurements. 

4. Example 

Let us consider the experiment in that we determine unknown measurements 
of 6=p  objects by used of 16=n  measurements assuming that the correlation 
between measurement errors equals 0=ρ . We construct the matrix 

( )1,0,1616 −∈ ×ΦX  according to the Theorem 2.5(i). Let 1N  be the incidence 
matrix of the balanced incomplete block design with the parameters 6=v , 

101 =b , 51 =r , 31 =k , 21 =λ  and let *
2N  be the incidence matrix of the 

balanced bipartite weighing design with the parameters 6=v , 62 =b , 62 =r , 
112 =k , 522 =k , 212 =λ , 422 =λ  given in the forms 
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

























=

1110001010
1101010001
1010110100
0101101100
0011100011
0000011111

1N , 



























=

122222

212222

221222

222122

222212

222221

*
2

111111
111111
111111
111111
111111
111111

N , 

where ς1  denotes the element belonging to the thς  subblock, respectively, 
2,1=ς . 

According to the formula (2.1) we form the matrix ( )1,0,1616 −∈ ×ΦX  of the 
regular D-optimal chemical balance weighing design as 

























































−
−

−
−

−
−

−−−
−−−

−−−
−−−
−−−
−−−

−−−
−−−

−−−
−−−

=

111111
111111
111111
111111
111111
111111
111111
111111
111111
111111
111111
111111
111111
111111
111111
111111

X
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5. Conclusions  

The problem of the determining D-optimal chemical balance weighing 
design in any class ( )1,0,1−×pnΦ  is still open. From the theoretical point of view, 

the conditions under that the design ( )1,0,1−∈ ×pnΦX  is regular D-optimal 
under assumption the errors are equal correlated and they have the same variances 
are given above. However, the construction methods of the matrices satisfying 
these conditions for any number of objects and measurements are not given. The 
construction problems require further studies. 
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