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Summary

The problem of estimation of individual (weightseasurements qf objects usingn meas-
urements operations according to the model of ligenical balance weighing design is presented.
Assuming that not all objects in each measuremeninaluded, the optimality conditions and the
construction methods of the design malXiof the optimum chemical balance weighing design
for p = v + 1 objects are given. The construction isedasn the incidence matrices of the bal-
anced incomplete block designs and the balanceddtiigoweighing designs fov treatments.
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1. Introduction

We consider an experiment in which usingmeasurement (weighing) op-
erations we determine unknown weights of given nemd$ p =v+1 objects.

The results of the experiment can be describeddyrodel
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y=Xw+e (1.2)

where y is nx1 random vector of the observed weightX = (Xij )
X, ==10,1, i=212,...,n, j=12,...,p, is called a design matrixw is
p X1 vector representing unknown weights of objects. &¥sume that in the

model (1.1) errors are not systematic, have diffevariances and they are un-
correlated, i.eE(e) =0, and E(eé) = 0°G, where0, is annx1 null vector,

G is nxn positive definite diagonal matrix of known eleneande denotes
transposition ofe. To estimate unknown weights of objects we usel¢hst
squares method giving the following formula

W=(XGX)"x'Gy
with the dispersion matrix ofv as
V(v)=o?(X 6 x) 7, (1.2)

if X is of full column rank, i.er(X) =p.

Several problems connected of the optimality in dmemical balance
weighing designs have been studied in Raghava@dljland Shah and Sinha
(1989). It is well known that the minimum attainahlariance for each of the

estimated weights for a chemical balance weighiegigh is equal tcaz/n
and each variance of the estimator of unknown wisigh objects attains the
minimum if and only if X X =nl »+ This design is called optimum chemical

balance weighing design. In the optimal designetleenents ofX are —1 and
1, only. In Banerjee (1975) the construction meghotl such design matrices
are available.

In the paper we assume that not all objects in easfsurement operation
are included, i.e. some elementsXfcan be null. We present new construction
method of the optimum design matrix fgr=v+1 objects based on the inci-
dence matrices of the balanced incomplete blocigdesand the balanced bi-
partite weighing designs fokr treatments. Ceranka and Graczyk (2001a,b;
2004) gave optimality conditions and constructiogtimods of such design ma-
trices but for other numbers of objects and foeotfispersion matrices.
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2. Variance limit of estimated weights

Each form of the dispersion matrix (1.2) requiréseparate investigation.
Let us consider the matrig®G , whereG is given as

- | E
glnl 0n,0n, 050,

G=|0,0, I, 0,0, (2.1)
0,0, 0,0, I,

wherea>0, a#1l n=n; +n,+n;.Let X be partitioned as the matr

x1
X=X, (2.2)
X3

where My, is the number of times in whiclth object is weighed for a particu-
lar matrix X, = (xgj ) g=12,....n,, ] =12,..,p, h=123. From Section le.
1 (ii) (b) given by Rao (1982) we have

Lemma 2.1.For the matrixG of the form (2.1), the matriX of the rank p
and a px1 vectorc, the inequality

c(xex) e %%% (2.3)

holds with equality attained if and onlydf is an eigenvector oK G X .
Theorem 2.1.In the nonsingular chemical balance weighing desigth the

design matrix X given in (2.2) and the dispersion matrix of errarsG ,
where G is of the form (2.1), V(\fvj)z az/m, where

m=am+m,+m;, m, = ma>{mh1,mh2,...,mhp}, h=123.
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Proof. Letc;, j=12,...,p, be thejth column ofl ;. Thenw; :c'jW and

V(\/Avj )= Uzc'j (X'G '1X)_1cj : Sincer(X) = p, then from Lemma 2.1 we have

(c'-c-)
2 i~ —
)ZU'QXcﬂx% (24)

o’ o’ o’
> =
m

1 )2 n(2)2 n(3)2_a +m, +
aztrqlél(xqj) +zqz=1 Xqj +zq3=1 Xaj M 2+ M

because eIemem@j =-1, 0,1 only, and the number of elements equal -1 or 1

in each column oX, is m,;. Hence the theorem is proved.

Definition 2.1. Any chemical balance weighing design with the giesnatrix

X given in (2.2) and the dispersion matrix of error$G , whereG is of the
form (2.1), is called optimal for the estimation ofdividual weights if

V(Wj)zaz/m forall j, j=12,..,p.

Theorem 2.2. Any nonsingular chemical balance weighing desigth vthe

design matrix X given in (2.2) and the dispersion matrix of errar$G,
where G is of the form (2.1), is optimal if and only if

XG*X=ml . (2.5)

Proof. To prove the necessity condition we obse¢nat the equality in (2.4)
holds for any j =12,...,p if and only if X'G_1XCJ- =HiCy, >0 and
C'jX'G _1XCJ- =am +m, +m;. These conditions imply  that
XG™X = diag{/,ll,uz,...,up} and f4 = fl, =...= [, =am +m, +m.

Then we have the condition (2.5). The proof for théficiency condition is
obvious.
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3. Balanced block design

Let us recall definitions of the balanced incomplbtock design given in
Raghavarao (1971) and the balanced bipartite wajg@iésign given in Swamy
(1982).

A balanced incomplete block design (BIBD) theraisarrangement of
treatments intob blocks, each of sizé, in such a way, that each treatment
occurs at most ones in each block, occurs iblocks and every pair of treat-
ments occurs together it blocks. The integers, b, r, k, A are called the
parameters of BIBD. It is straightforward to verifyat

vr=bk, A(v-1)=r(k-1), NN =(r-A)I, +11,1,,

whereN denotes the incidence matrix of BIBD.

A balanced bipartite weighing design (BBWD) thesean arrangement of
v treatments intd blocks in such a way that each block contairngistinct
treatments is divided into 2 subblocks containiggand K, treatments, respec-
tively, where k =k, +K,. Each treatment appears in blocks. Each pair of
treatments from different subblocks appears togethd, blocks and each pair

of treatments from the same subblock appears teg@thd, blocks. The inte-

gersv, b, r, k,, k,, A, A, are called the parameters of the BBWD. et

be the incidence matrix of such BBWD. The paransetéBBWD are depend-
ent and fulfil the following equalities

/11V(V — 1) A = Al[kl (kl — 1) +k, (kz — 1)]

vr =bk, b= , A,
2k .k, 2k k,

= ARV D N S (oA A+ ()L
2k,

4. Construction method

It is very difficult, or sometimes not possible, tonstruct the optimum
chemical balance weighing design for any numbetpécts and any number of
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measurement operations. In the present paper, mstraot the design matrix of
the optimum chemical balance weighing design jfor v+1 objects based on

the optimum chemical balance weighing design [or v objects. In Ceranka

and Graczyk (2004) the construction methods ofofitenum chemical balance
weighing design forp =V objects based on the same set of the incidence ma-

trices of BIBD and BBWD are presented.

Let N, be the incidence matrix of BIBD with the paramster
v, b, r, k, A, and N; be the incidence matrix of BBWD with the pa-
rametersv, b,, r,, K., Ky, A,, 4, (k12 <k22). Let us defineN,
obtaining from N; by replacingk,, elements equal +1 in each column which
correspond to the elements belonging to the finfibkock by —1. Thus each
column of N, will contain K;, elements equal to —k,, elements equal to 1

and v—-K;, —k,, elements equal to 0. Then, the design maifix of the
chemical balance weighing design has the form

2N; -1,1, 0,
X = N, 1, |- (4.1)
-N, 1,

In this designp=v+1, n, =b;, n, =ng; =Db,. It is easy to show that chemi-
cal balance weighing desigd in (4.1) is nonsingular if and only ¥ # 2K, or
K, Z K,,.

Theorem 4.1. Any nonsingular chemical balance weighing desigth vthe
design matrixX given in (4.1) and matrixo°G , whereG is given in (2.1) is
optimal if and only if
(i) ab —4a(r, = A)+2(Ay = 4,) =0
and

0) ab =2(b, -1,).
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Proof. For the design matriX given in (4.1) ands in (2.1) we have

X'G X = (4alr, = A) +2(r, = Ao + A1 + (‘abl. —4a(r =)+ 200 - )L, O, |,
0, 2b,

The thesis of Theorem 4.1 is a result derived fiidraorem 2.2. Note that the
condition (i) of Theorem 4.1 is the same as optityaondition for the design
with p =V objects.

Based on the parameters of the BIBD given in Ragtea/(1971) and the
parameters of BBWD given in Huang (1976) and Cemaiaczyk (2005) we
can construct incidence matrices of such desigrspectively, and as the next
step, the design matriX of the optimum chemical balance weighing design.

Theorem 4.2. If for a given a the parameters of BIBD are equal to

2 _ 2 _ _ 2 _ 2 _ _
V= 32' blzi(s_:LGXS_A')’ r= (S 1)(5 l)(S 4) k1 - S(S l)

A, = (s- 2)(32 —1)(32 - 4)

12 2

24

and the parameters of BBWD are equal to
L T -3 (=S _ _
() a=3,v=s", b, = 2 ,rz—s(s —1), k, =1k, =3,

)\12:)\22:§, s=4,

2

y 2 _ sl -
(”) a:452 9 ,V:52|b2= ( ])’ r2:4§—]), |(12:3k22:6’A12:/]22:4S,

3s* -4 9

S 6,

S is even integer, theiX given in (4.1) is the design matrix of the optimum

chemical balance weighing design with the dispersiatrix of errorso’G ,
whereG is of the form (2.1).

Proof. It is easy to see that the parameters oDBABd BBWD satisfy con-
ditions given in the Theorem 4.1.
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Theorem 4.3. If for a given a the parameters of BIBD are equal to

ves?, (s _1)(3 ) [ = (s- 1(s ;1)(5 —4) k1=¥

A, = (s—2 (s2 ~1)s? - 4
4

and the parameters of BBWD are equal to

(|)a- V=&, b, = ( ) S(S_) 1k22:aA12:>\22:§,sz4,

L 2s*-9 s’ls” -
(||)a=5532—_43, v=¢, bz:_(g_]J, r2=5(52_]), K, =3 Ky, =6,A;, =\, =45

S= 6,

S is even integer, theiX given in (4.1) is the design matrix of the optimum

chemical balance weighing design with the dispersiatrix of errorso’G ,
whereG is of the form (2.1).

Theorem 4.4.If for a given a the parameters of BIBD are equal to
_ 2 _ 2 _ _
v=s?, b, = 5(52 _1)(52 _ 4), = (S 1)(8 1)(8 4) K = S(s 1),

2 ’ 2
\, = (s- 2)(52 —1)(52 - 4)
4
and the parameters of BBWD are equal to
2s[s? -1)
3

3(a2 _
0) a%-vzsz-bfs(se )7rz= ki, =1

Ky, =3, A, =A,, =S, 823,

2 32 2

i __S -9 v=<? b _S !s —1? . :Ss!s —1!

() a 1 1 i) il
6ls? - 4) 2 12 2 4

K, =3 Kk,, =6,A;, =A,, =3s, s=5,

S is odd integer, therX given in (4.1) is the design matrix of the optimum

chemical balance weighing design with the dispersiatrix of errorso’G ,
whereG is of the form (2.1).
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Theorem 4.5.If for a given a the parameters of BIBD are equal to

v=s?, b= 2¢s? - 1)(s? —9), [ = (s-1)s? -1)s? —9), " :M’

9 9 2

A = (s- 2)(52 - 1)(52 - 9)
18
and the parameters of BBWD are equal to

. 3s? -4 ) s*(s? -1 sls? -1
I a= 1 V:S ) b = ] r = L)
0 4532—92 ? 12 2 3

S
Kip =L Ky =3 A = Ay =§-

(ii) a:i;_—_“g),v:sz, b2=ﬂ3;—_1), r,=s(s* -1)

3s
Kip =LKy =3 A=A, :51

s=6, S is even,

then X given in (4.1) is the design matrix of the optimeimemical balance
weighing design with the dispersion matrix of esrar’G , whereG is of the
form (2.1).

Theorem 4.6. If for a given a the parameters of BIBD are equal to
2 _a\a2 _ 2 —1Ys2 - -
v=e?, b= sls 1’!5 4!, rl:(s 1)(s? -1)s 4)’ kl:s(s 1),
3 6 2
N 2)s? -1)s? - 4)
! 12
and the parameters of BBWD are equal to

32 _

(i) a:3,V=Sz-b2:i(32—l)'rz:zs(sz_])' ki, =1,

Koo =3 A=Ay, =35,

2 3.2 _ 2 _
_ 52 9 ,stz,bzzs(s 1),r2:3s(s 1)’
2s? - 4) 12 4

Ki, =3 ky, =6,A;, =A,, =3s,

s>5, s is odd, except the case= 3(mode6),

o))

(ii)

then X given in (4.1) is the design matrix of the optimahemical balance weigh-
ing design with the dispersion matrix of errar$G , whereG is of the form (2.2).



104 BRONISLAW CERANKA, MALGORZATA GRACZYK

Theorem 4.7.If for a given a the parameters of BIBD are equal to
V:SZ, b1: 5(82 _1XSZ _9)’ r, = (S_l)(52 _1)(52 _9) k. = S(S—l)

3 ! 6 L2
A, = (s-2)(s? -1)s? - 9)
24

and the parameters of BBWD are equal to

2 _ 3[a2 _ 2 _
(|) a:s 4,V:SZ,b2:ﬂS6_1),r2:§83_1)’ k12:11

s* -9
Kpo =3 A, =Ap =,

i) a=XA =g p - = 2452 -1)

s2-9 2 2 2

Kip =1 Kyp =3, A1, =Ap, =3,

s=5, S is odd,

then X given in (4.1) is the design matrix of the optimememical balance

weighing design with the dispersion matrix of esrar’G , whereG is of the
form (2.1).

Theorem 4.8. For a=2, if the parameters of BIBD are equal to
v=12 b,=33 1, =11 k; =4, A, =3 and the parameters of BBWD are
equal tov=12, b, =66, r, =33, kj, =2 K,, =2 A4,,=8 A, =7 then

X given in (4.1) is the design matrix of the optimahemical balance weigh-

ing design with the dispersion matrix of errocs”G , where G is of the
form (2.1).

1 .
Theorem 4.9. For =Z, if the parameters of BIBD are equal to

v=_8 b;=56, 1, =14, k; =2, A, =2 and the parameters of BBWD are equal
tov=8b,=28r,=21 k,=2 k,, =4, 1,,=8 A,, =7 then X given in
(4.1) is the design matrix of the optimum chemibalance weighing design
with the dispersion matrix of errors®G , whereG is of the form (2.1).
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OPTYMALNE CHEMICZNE UKLADY WAGOWE
DLA P =V+1 OBIEKTOW W OPARCIU
O ZROWNOWAZONE UKLADY BLOKOW

Streszczenie

W pracy przedstawiono estymaajieznanych miap = v + 1 obiektéw wn pomiarach w
modelu chemicznego uktadu wagowego. Zatw, ze kazdym pomiarze nie wszystkie obiekty
biora udziat. Podano warunki, przy spetnieniu ktéryctmienie chemicznego uktadu wagowego
dlap = v obiektow implikuje istnienie chemicznego uktadugeevego dlg = v + 1 obiektéw. Do
konstrukcji macierzy ukltadu optymalnego wykorzystamacierze incydencji uktadéw zrownowa-
zonych o blokach niekompletnych oraz dwudzielnyctadéw blokow.

Stowa kluczowe:chemiczny uktad wagowy, dwudzielny uktad blokéwtaskzréwnowaony o
blokach niekompletnych
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