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Summary

In the paper we consider a situation when a split-plot design is non-orthogonal with
respect to whole plot treatments. Additionally, ®oof them are treated as control treatments. To
generate a new treatment combination arrangemerdrthngonally supplemented PEB block
design with at mosin{ + 1) — classes of efficiency is taken into accoW present also statistical
properties of the resulting design and an example.
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1. Introduction

This paper is a continuation of the paper of Anigrand Mejza (2011) in
which a traditional split-split-plot (SSP) designg. Gomez and Gomez, 1984)
was recalled. In the previous paper mainly we dised statistical implications
of a proposed non-orthogonality of the layout wites sub-subplot treatments
occurred in some supplemented partially efficiebiyck (PEB) design with
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(m+ 1) — classes of efficiency. We also presentexl ramdomization-derived

mixed model of observations for complete and indetepSSP designs and
statistical properties such as orthogonal bloakcstire and general balance. We
defined so called strata in the model and strattiecteveness of that SSP

design with respect to estimable contrasts in them.

In the present paper we consider a non-orthogo8& &esign in which
whole plot treatments occur in a supplemented REBign with (h+ 1) —
classes of efficiency while the subplot treatmeiatsd the sub-subplot
treatments are in appropriate randomized completk jRCB) designs.

The supplemented (augmented) block designs forfater experiments
have been widely described in literature (e.g. (G&li 1971, Caliski and
Ceranka 1974, Singh and Dey 1979, Puri et al. 1%&athlicka and Mejza
1998, Caliski and Kageyama 2003, Sections 6.3. and 10.3&)eflly, two
sets of treatments are there. Usually one setfésreel to as the set of basic
(test) treatments and the other - the set of supgiary (control) treatments.
The major aim of such experiments is the efficieomparison of both sets of
treatments and the treatments inside those sets.

This fact has been used in the construction ofva men-orthogonal layout
of the SSP experiment in which there are additiarradle plot treatments called
control whole plot treatments.

2. Assumptions and notations

Let us consider a three-factor experiment in wthileh first factor, say,
hass levelsAq, A, ..., A, (called also the whole plot treatments), theosdc
factor, sayB, hast levelsB,, B,, ..., B, (called the subplot treatments) and the
third factor, sayC, hasw levels C;, C,, ..., C, (called the sub-subplot
treatments). Thus the number= stw denotes the number of all treatment
combinations in the experiment.

There is assumed the experimental material canivided into b blocks

with k; < s whole plots. Then, each whole plot is divided iktp=t subplots
with k; =w sub-subplots. Thes whole plot (A) treatments are randomly

allocated to the whole plots within each block,ubglot (B) treatments are
randomly allocated to the subplots within each whplot, and w (C) sub-
subplot treatments are randomly allocated to thie-ssibplots within each
subplot. Hence, the third factor C is in a splittplelation to the whole plot and
subplot treatment combinations in the SSP desigixt i the paper we adopt

the following notation:1, is the x-dimensional vector of onels, denotesx-
dimensional unity matrix and, =11 .



CONTROL WHOLE PLOT TREATMENTS IN SOME SPLIT-SPLITERT ... 79

3. Construction method

This method is based on Kronecker product of tldesgns, in which the
levels of three factorsA,B,C) are assigned. Consider a situation when
subplot B) treatments ana sub-subplot@) treatments are in appropriate RCB
designs whereas tleawhole plot A) treatments occur in a supplemented block

design d"(v"=s, b", k", r"), where the parameters”, b"”, k" mean
numbers of the whole plot treatments, blocks, uimitide each block in the
subdesignd"”, respectively andr"” denotes a vector of replicates of the all

whole plot treatments.
We also assume the whole pld) (treatments consist of two groups:

S=s, +5,, wheres test (basic)A treatments are allocated in a subdediign

which is a partially efficiency balanced (PEB) dgsivith at mosin efficiency
classes (cf. Puri et al. 1977, Kageyama and P@b,1@aliski and Kageyama

2000, Definition 4.3.1.) whiles, additional (control) A treatments — in a

subdesigna2 represented by an orthogonal block design (cfinSkl and
Kageyama, 2000, Definitions 2.2.7-2.2.8).

Let Nl be the s xb, incidence matrix of the subdesiga1 with

~

parameters:s;, b, k;, rg =[r,r,...r;1' €, p (ij = s —1), which
j=1

define number of treatments, number of blocks, gfeblocks, vector of
treatment replicates, eigenvalues and their midiijgs of so-calledC- matrix

of the subdesigm, , respectively (see the example in Chapter 4).nThe Puri

and Nigam, 1977, Nigam and Puri, 1982, @&li and Kageyama, 2003, e.g.
Theorems 6.3.1. and 10.3.3.)

Ny = N, 3.1
T r kY x|’ (3-1)

is the incidence matrix of the PEB design with atstn(m + 1)-classes of
efficiency with parameters:

vi=s=s +s,, b’=h, k']=kmlbl:n']l211bl/ﬁl,
[ — ! T — ]
=N =[rg,ro ] =[n g fouefl

€ =1, pp=5,, ¢/ =1-(N,/n)A-¢,), p;,=p;, j=12...m (3.2)
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where N, and n* denote numbers of observations in the des'@pand d”,
respectively.
Let N, =N 01, be thevxb incidence matrix of the considered SSP

design with parametersy = (s +s,)tw, b=b", k=k"w, r=r"01,,
n = bk"tw, whereN . is given in (3.1). This incidence matriX; with respect

to blocks plays an important role in constructiing thew SSP design. The
applied construction leads tproper (cf. Caliski and Kageyama 2000,
Definition 2.2.2) and non-equireplicated experim&8P design (cf. Calski
and Kageyama 2000, Definition 2.2.3).

As mentioned by Ambey and Mejza (2011), statistical properties of the
SSP designs are related mainly to algebraic priegeof stratum information

matricesA,, f =0, 1, ..., 4. In the present case, forms of theatioes are
given in (3.3).
Assuming that(r “)® = diag(r, , r2,...,rs) , wherer " is in (3.2), we have
1
A, =———r"(r"'0J
0 bk*tW ( ) tw
_ 1 ] 1 Of Oyr
Al - k*tWNd*Nd* I:l\]tw - bk*twr (r ) D JtW’
A —i{ﬁPDJ Y N'. OJ (3.3)
Z_tW tw K* tw d* " ¥ d* tw? :

tw?

A3:10ﬂBDhDJW~iUﬂ5DJ
W tw
—_ %\ O 1 %\ O
A, =(r DJM—W(r) or,a0Jd,.

One can check that resulting SSP design is gepdralnced. It follows
from the fact the matrices (3.3) commute with resge r ° =(r")° 0Ol ,
(e.g. Mejza, 1992, Ambiy  and Mejza, 2011), where
(r™)™° =diag@/r,,...1/r.). This means that these matrices have a common
set of eigenvectors corresponding to some eigeasahith respect ta°. It

allows to define a common set of contrasts andesponding to them stratum
efficiency factors (cf. Mejza, 1997a, 1997b).
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Tablel. Stratum efficiency factors of the considered-paihogonal SSP design

Types of o Strata
contrasts 1 2 3 4
Py 1-g/| ¢
AT :Sl—l ..
p:n :|.—$E1 Sa
LS T R | g=1 |
AT vs A° 1 g, =1
B t-1 1
C w-1 1
BxC t-D(w-1) 1
p,(t-1)

AT xB =(s, -2)(t-1)) g =1
_____________________ ) T N M N
ASxB | (sThesh g=1

T C
(A vs A7) t-1 e =1
L XB

p; (w—1)

ATxC =(s, —1)(w-1) g =1
____________________ WD)

ASxcC (S2 —1)(W—1) g, =1

T C
AV A7) x w-1 gy =1
_______ C o

p, (t —1)(w-1)
ATXBXC :(S.L _l)(t_l)(W_l) 8; =1
________________ Pt -Dw-D)
AxBxC | (& -De-dw-y | ] g =1

T C
(A'VSA) (t-D(w-1) g, =1

xBxC

df (degrees of freedom- numbers of the particular types of the consrastimable in the strata;
1- the inter-block stratum, 2 — the inter-wholet@tratum, 3 — the inter-subplot stratum, 4 — the
inter-sub-subplot stratum
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In the presentpaper we consider the following types of the contrasts:
among main effects of the whole plot treatmentduniog: test A treatments

(A") and additional (control) A treatment#\{), between the test group and

the control group of A treatmentsA{ vs. A®), then among main effects of the
subplot (B) treatments, among main effects of thie-subplot (C) treatments,
and other interaction contrasts as in table 1. yaiad) algebraic properties of
the matrices (3.3) we obtain information aboutreability of the contrasts in

the strata and their stratum efficiency factos,, f =0,1,...,4;

h=12...,v; h<v.In the table 1, they are expressed by the eigeeyaju,
j =0]L...,m, given in (3.2), according to the construction moet

4. Someremarksand example

From Table 1, it follows that we lose less inforimatin the incomplete
SSP design with respect to the whole pljttteatments than in other cases (e.qg.
Ambrozy and Mejza, 2011).

We can notice that only basic contrasts among re#iects of the tesf
treatments A') are estimated with partial efficiency in two @ifént strata: in
the inter-block stratum and the inter-whole plotagtm {n classes of
efficiency). All other contrasts are estimated with efficiency (= 1). It means
that information about these contrasts is containaexhly one, corresponding to
the type of a contrast, stratum. It follows frone tbonstruction method (the
subplot treatments and the sub-subplot treatmeatsn@RCB subdesigns), from
the nature of the SSP design (a nested system its) and from statistical
properties of the generating design (an orthogsupplementation).

To reduce the number of efficiency classes of the subdesiap (and thus

the generated SSP design) we chose the PEB deilymw efficiency classes
from the class of the PBIB designs (e.g. Clatwoith§73)). We assumed that

S, testA treatments can be divided inlp groups with |, different testA
treatments, sos, =l |,. Let the testA treatments occur in a regular group
divisible partially incomplete block design with dwefficiency classes
(R-GDPBIB(2) design) denoted by, (s, =1,l,, b, k;, rg =71, A;, A,),
whereb,, [{1 are defined in the third chapter of the presepepavhiler , A,

A, mean a number of replicates of the téstreatments and numbers of

meetings in blocks of pairs of these treatmentsrigghg to the same group or
different groups, respectively. The statistical pedies of the designs
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considered are described in terms of eigenvajyes FEl with multiplicity 1,
W=7 -A, with p,=1,(,-1) and p, =tk -sA, with p,=I,-1 of the
association matrixN,N, of the GDPBIB(2) design, wherdl, is defined in

2 -~ -~ ~ -~

Chapter 3 and) p, =s. Let C, =71 —kN,N, be C-information matrix for
i=0

the testA treatments andj =1- M /Fﬁl, denote eigenvalues of this matrix with

2

respect tor | with multiplicities p,,j = 0, 1, 2, Whel’eij =g . Let us note
j=0

that no contrast is connected with the eigenvaye 0, so we will omit it in

further considerations. Using above consideratimaescan write eigenvalues
(3.2) of an C-information matrix for all treatments as follows:

. . -~ M . .
&, =1, p, =S, s?:l—(nllnu)ﬁ, p,=p;. i=12 (4.1)

1

It is convenient to introduce an abbreviation tealde the property of
balance of the considered SSP design. Met{q,a} denote the property that

g contrasts between main effects of fackdr(or interaction contrasts) are
estimated in thef -th stratum with efficiency factoer . In other words, we say
that design isM,{q,a} -balanced. In particular, ifa =1 that design is

M {q 1} -orthogonal.

In the example we can say the considered non-aotieddSSP design with
the number of the treatment combinations= stw, where s=s +s,,
generated by R-GDPBIB(2) design with the numbethaf testA treatments

s =11, is:
A{l,(1,-1),1-} -balanced, A{l, —1,1-€} -balanced,
Al (I, -1), &} -balanced A{l, -1, €5} -balanced,
where €, and €; are given in (4.1) and with respect to other sty the

considered SSP design is always:
B,{t =11} -orthogonal,

(AxB).{(s-1)({t —1), L -orthogonal,
C,(w-1,1) -orthogonal,
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(AxC),{(s-1)(w-1), L} -orthogonal,
(BxC),{(t-1)(w—1), 1} -orthogonal, and
(AxBxC),{(s—-1)(t-1)(w—1),1}-orthogonal (cf. Table 1).
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