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Summary

In this paper we study the problem of the estinmatibindividual measurements of objects in
spring balance weighing design under the assumptiah errors are uncorrelated and have
different variances. The incidence matrices oftibkanced incomplete block designs are used for
new construction of the regular A-optimal sprinddoae weighing design. Theoretical research is
illustrated by an example.
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1. Introduction

The optimality of designs plays a main role in theeory of the
experimental designs. In many papers concerningotienality, the weighing
designs are considered. In a spring balance, tisemnly one pan and any
number of objects can be placed on the pan. Thepdinter provides a reading
which represents the total weight of the objectshenpan.
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Nowadays, the spring balance weighing design is nhene for the
experimental design connected not only with a gpihialance, but with any
experiment in that the results we can describehaslinear combination of
unknown measurements of objects with coefficieftfie combination equal to
1 or 0. In fact, the weighing designs are appliedbla great variety of problems
of measurements, not only for weights, but of lapgbltages, resistance and
concentrations of chemical in mixture, analyzing lines of legume.

The main idea is to determine unknown measuremanfs objects inn
weighing operations. We shall make two standingu@psions on the maps
under consideration. Recorded observations arepamtient and there are not
systematic errors. The second basic assumptidmatstite errors have different
variances. Of course, the experimenter wants tosgha weighing design that is
optimal with respect to some criterion. In liter@useveral criteria are often
expressed in terms of the information matrix. Ofiehem is A-optimality, in
that we study the trace of the inverse of infororatnatrix.

2. Thelinear model
Suppose, there arg objects of unknown measurement§,w,,...\w,,
respectively, and we wish to estimate them empbpym measurement
operations using a spring balance. ygty,,...,y, denote recorded observations

in thesen operations. It is assumed that the observatidimifadhe model

y=Xw+e (2.2)

where y =(y,,,.....y,) iS an nx1 random vector of the observations. The
design matrixx:(xj), usually called weighing matrix, belongs to thessl

‘I’nxp{ 0,1}-which denotes the class af p matrices of known elements; =0
or 1 as in the th weighing operation thg th object is not placed on the pan or

is placed. A px1 vector w:(w

1,w2,...,wp)' contains unknown weights of

objects ance is annx1 random vector of errors. We assume that in theainod
(2.1) the errors are uncorrelated and have difterariances, i.eE(ee'): oG,
and moreoveE(e) = 0, , whereQ, is annx1 null vector,G is the knownnxn

diagonal positive definite matrix. Accordingly, ampring balance weighing
design is nonsingular if and only ¥ is of full column rank, i.er(X)=p. In
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such a design for the estimation of unknown weigtitp objects, we use the
general weighted least squares method and we get

Ww=(XGx)"xGYy. 2.2)
The covariance matrix ofv is equal to
Var() = 02(X G *x) ™. (2.3)

The matrixX G™X is called the information matrix.

In the literature, some study on optimality crivexs are presented. For
a deeper discussion we refer to the paper JacrodxNotz (1983). In many
papers concernintpe weighing designs, the A-optimal design is coesd. For
the given covariance matrix of errotG, the designX is A-optimal if the
sum of variances of estimators for unknown parareeie minimal, i.e.
tr(xGx)™ is minimal in the clasa,, {0,1}. Moreover, the design for which

the sum of variances of estimators of parametdesnatthe lowest bound in
\anp{o,l} is called the regular A-optimal design. Let us ndte the set
of design matrices‘l‘nxp{o,l}, the regular A-optimal design may not exist,

whereas A-optimal design always exist. The conadphe A-optimality was
shown in Pukelsheim (1983), Shah and Sinha (1988janka and Graczyk
(2004), Ceranka, Graczyk, Katulska (2006, 2007)s&fla and Wong (2008),
Graczyk (2011, 2012).

In this paper we consider the experimental sibmatvherewe determine

h
unknown measurements @ objects in n:ZnS measurement operations
s=1
under model (2.1). It is assumed that measurements are taken in different
h conditions or at differenh installations,s=12,...,h. So, the covariance

matrix of errorso®G is given by the matrixG

1 ! .
91y 0,0, - 0,0,

) 4 )

G = Onzonl 9, In2 0nzonh s (24)

0,0, 0.0 - gl

n, oy n, ~ny h 'n,
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where g, >0 denotes the factor of precisiors=12,..,h. Consequently,
according to the partition d& we write the design matrix 0, {0,1} as

x =| %2, (2.5)

where X is the n,x p design matrix of any spring balance weighing desig
Graczyk (2012) gave the following theorems andrudgdin.

Theorem 2.1. Let p be odd. In any nonsingular spring balance weighiegjgn
X0, {01} in (2.5) with the covariance matrix of errotsG, where G

nxp

is of (2.4),

i) ap° 2.6
tr(x G ) 2 orele) (2.6)

Definition 2.1. Let p be odd. AnyX D‘I’nxp{ 0,1} in (2.5) with the covariance

matrix of errorsg?G, where G is given by (2.4), is said to be the regular
A-optimal spring balance weighing design if

oy ) 4p’
tr(XGX)" = : (2.7)
r( ) (p+2)tr(G™
Theorem 2.2. Let p be odd. AnyX D‘I’nxp{ 0,1} in (2.5) with the covariance

matrix of errorsag®G, where G is given by (2.4), is the regular A-optimal
spring balance weighing design if and only if

XGX = IC:rpltr(e N, +1,1). (2.8)
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3. Construction of theregular A-optimal designs

In Graczyk (2012) some construction methods of rbgular A-optimal
spring balance weighing design are given. In tl@pgp we present some new
experimental plans of such designs. The construadioa regular A-optimal
spring balance weighing design proceeds as follbig. worth pointing out the
incidence matrices of the block designs may be @isethe construction of the

h
design matrix X 0, {01}, then we taken=»'b, and p=v. Now,
s=1
we present some series of the balanced incomplet& designs. Based on their
incidence matrices we form the design matbbG‘I‘nxp{O,l} of the spring

balance weighing design witb’G , where G is of (2.4), that is the regular
A-optimal design. Summarizing, we can formulate imain result.

Theorem 3.1. Let v be odd and letN be the incidence matrix of balanced

incomplete block design with the parameters

(i) v=b=4t+3, r=k=2(t+1), A=t+1, where 4t+3 is a prime
or a prime power (the complementary design to tesigh which is
described in Raghavarao (1971, Theorem 5.7.4) agph&arao and
Padgett (2005, Corollary 4.15.2),

(i)  v=4t+1, b=2(4t+1), r=2(2t+1), k=2t+1, A=2t+1, where
4t +1 is a prime or a prime power (the complementanjgieto the
design which is described in Raghavarao (1971, iéme®.75),

(iii) v=b= 4(k* )2 -1, r=k= 2(k* )2, A= (k* )2, (if there exists a balanced
incomplete block design with\' =1 and r” =2k’ +1, Raghavarao

(1971, Theorem 5.9.2) or Raghavarao and Padgef@5(2T0heorem
4.13),

(iv) Vv, b= V= v-1 Ck=t, A= V=2 of an irreducible balance
t t-1 t-2
incomplete block design, Raghavarao (1971, p. @Raghavarao and
Padgett (2005, p. 86).

Any XO¥,., {01} inthe form X =1, ON' is the regular A-optimal spring

balance weighing design with the covariance matfierrors 0°G, where G
is given by (2.4).
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Proof. For the design matrixx =1, DN and G in (2.4), we have

h
XG*X =NN> g, N is the incidence matrix of balanced incompletecklo
s=1
design thereforeN' = (r =A)l, +A1,1,. We haveNN =A(l, +1,1,) because
r=2\. On the account of the above remark, we get
h
XGX =AY (1, +1,1,). So, itis evident that the condition (2.8) holds.

s=1

4. Example

As an example let us consider the experiment inWleadetermine unknown
measurements ofp =5 objects usingn =20 measuring operations. The
-1 U
covariance matrix of errore’G is given by the matribxG :[gl I}O 01_01010]
O10010 gZ IlO
where g,, g, >0. To construct the design matrxJ¥,,.{0,1} we can use the
balanced incomplete block design with the parameter5, b=10, r =6,

k =3, A =3 given by the incidence matrix

1111110000
1110001110
N={1 00110110 1|
0101011011
001011011 1]

In this case we hav = [E} and X' GX =3(g, + gz)(l 5+ 151'5). From (2.8)

we obtainX G™X = %) g, + gz)(l s+ 151'5). Hence

X' GX _l=;(l —511')
( ) o, +9)\° 677
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-1 25

190, +0,)
(2.7). In this case we obtain

thereforetr(x'G‘lx) . The same conclusion can be drawn from

4% _ 25
1006%(g, +9,) 189, +9,)

tr(x Gx)* =
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