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Summary

In the paper we consider a situation when split-gpbt experimental designs are incomplete
due to both whole plot treatments and subplot itneats only. With respect to the sub-subplot
treatments the presented designs are always ortabgAdditionally one of the whole plot
treatments and one of the subplot treatments eagetl as standards.

To construct the final three-factor designs witlstad treatment structures we can use two
different or the same block designs from the clas®rthogonally supplemented PEB block
designs with at mostm(+ 1) — efficiency classes. We present also algebaad statistical
properties of the generating designs and the reguittom the construction method split-split-plot
designs as well as a numerical example.
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1. Introduction

In conducting agricultural experiments with threenwore different factors
complete versions of split-split-plot design (s&5P design) are often used.
Thus, we assume that its methodology of plannirthaaralysis is well known.

In statistical terms, each complete experimentaighe also known as
orthogonal design, is "the best". Orthogonality tb&t design facilitates the
optimal estimation of treatment and interactioreet$, and enables one to easily
perform testing of both general and specific hype#s. Sometimes however, in
a practice, a limitation of an experimental mater@ /and economic
considerations do not allow to set up a complefeement in the SSP design.
This is the case for example in testing of vargtiwhen the number of tested
varieties is very large. This often implies thaibdMds, within which the
treatments are randomly distributed, do not beHaamogeneity. Failure to
comply with the known and fundamental principleadflocking of the units, can
substantially change the analysis and lead to adahg conclusions from the
experiment. In such situation we can plan a nohegtnal experiment and
conduct it in an appropriately selected incomplegesion of the split-split-plot
design, i.e. such, within which not all of the treant combinations are inside
blocks. This subject was also raised in the papgedand Mejza (1997c).

Purpose of the present paper is presenting newocheththe constructing
non-orthogonal SSP designs which are incomplete tduboth whole plot
treatments and subplot treatments whereas complgerespect to the sub-
subplot treatments only. Additionally one of thealehplot treatments and one
of the subplot treatments are treated as standards.

Mejza (1997a, 1997b) considered modeling incomp&ES® designs, their
statistical properties and further consequenceghieranalysis. Other methods
of the constructing incomplete SSP designs and #taistical properties can be
also found in Ambrgy and Mejza (2011, 2012).

In the present construction of the incomplete S&88tgths some generating
block designs for the whole plot treatments andpktbtreatments are used.
They come from the class of orthogonally suppleeg®EB block designs with
at most n+ 1) — efficiency classes (see, @aki 1971, Caliski and Ceranka
1974, Puri and Nigam 1977, Puri et al. 1977, Nigard Puri 1982, Kachlicka
and Mejza 1998, Cdiski and Kageyama 2003 Sections 6.3. and 10.3.3).
Additionally, we assume both generating designslmmathe same or different.
Other sub-subplot treatments are randomly arramgedrandomized complete
block (RCB) design.
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2. Assumptions and notations

Let us consider a three-factor experiment in whkgh first factor, sayA,
has slevels A, A,,..., A, (called also the whole plot treatments), the sdcon
factor, sayB, hast levels B, B,,..., B, (called the subplot treatments) and the
third factor, sayC, has w levels C,C,,...,C, (called the sub-subplot

treatments). Thus the number= stw denotes the number of all treatment
combinations in the experiment.
There is assumed the experimental material caniviged into b blocks

with k, < s whole plots. Then, each whole plot is divided iktp<t subplots
with k. =w sub-subplots. Thes whole plot (A) treatments are randomly

allocated to the whole plots within each blotksubplot B) treatments are
randomly allocated to the subplots within each whplot, andw (C) sub-

subplot treatments are randomly allocated to thie-ssibplots within each
subplot. Let's note the third factor C is in atsplot relation to the whole plot
and subplot treatment combinations in the SSP de$igxt in the paper we

adopt the following notationl, is thex-dimensional vector of one$, denotes
x-dimensional unity matrix.

3. Constructing method of theincomplete SSP designs

This method is based on Kronecker product of tlstgedesigns, in which
the levels of three factorsA,B,C) are assigned. Let's assume that w sub-
subplot C) treatments are in an appropriate RCB design. Béwethes whole
plot (A) treatments occur in a supplemented block desdigtv, =s, b,, K,,

r,), wherein the parameters,, b,, k, are numbers of the whole plot
treatments, blocks, units inside each block insttedesignd , , respectively and
r, denotes a vector of replicates of the all wholet pteatments and thée
subplot (B) treatments occur in a supplemented block design(v, =t, b,
Kg, I's), wherein the parameteks, , by, K mean numbers of the whole plot
treatments, blocks, units inside each block insllrtaxjesigrﬂB , respectively and
r, denotes a vector of replicates of the all subpztments. Symbolk, and
k are given in section 2.
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Additionally, we assume both whole ploA{ treatments and the subplot
(B) treatments form two groups=s, +1 andt =t +1, respectively. Thes,
test (basic)A treatments are allocated in a subdesdhn which is a partially

efficiency balanced (PEB) design with at mast efficiency classes (cf. Puri et
al. 1977, Kageyama and Puri 1985, @siti and Kageyama 2000 Definition

4.3.1.) with incidence matrixﬁA supplemented then by one standad) (
treatment and similarly thd, test (basic) B treatments are allocated in
a subdesigrﬁB which is a partially efficiency balanced (PEB) ideswith at
most m, efficiency classes with incidence matrf;kB also supplemented then
by one standardB) treatment. Leﬂ:lA be thes, XEA incidence matrix of the

subdesigrﬁ A With parameters:

~ ~

S bas Ka 1y =00t ] € B (Zp] lj, (3.1)

which define number of tesf treatments, number of blocks, size of blocks,
vector of test A treatment replicates, as well as eigenvalues dmair t

multiplicities of so-calledC matrix of the subdesigd ,, respectively.

Likewise, let NB be thet, x EB incidence matrix of the subdesigﬁ?5 with
parameters:

~ ~

t, D, Kg, 1y =[r,r,.r 1. 8% p° (ZQ =t _1) (3.2)

which define number of tesdB treatments, number of blocks, size of blocks,
vector of testB treatment replicates, and eigenvalues and thelipiicities of

so-calledC matrix of the subdesigul,, respectively. So, respecting both kinds

of treatments for the factor& and B, and using (3.1) - (3.2), the incidence
matrices can be written as follows:

N, = N, N, = N (3.3)
A 1;3A ’ B 1158 : :
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They are incidence matrices of the PEB designs aitmost (m +1) — and
(m, +1) classes of efficiency with parameters:

— for the whole plot treatments:
Va=s=s+l, b= BA’ ka=kp, = (EA"']-)le ’
ra=Ng L =[re, b] =[r, 1.1, bl (3.4)
g0 =1, pp =1, ¢ =1-(A,/n)A-E), pi =0, j=12....m
where n, and n, denote numbers of observations in the desia[\]sand

d,, respectively, Whilesf, pf\, (j = l2,...,ml), mean eigenvalues and

their multiplicities of so-calle€ matrix of the subdesigd ,;
— for the subplot treatments:
Vo =t=t,+1, by =by, Kg=kgl, = (ks +1)1, ,
rg =Ng 1 =[r;, bg] =[r, 1.1, bl (3.5)
& =1, pe=1 & =1-(Rz/ng)(1-E€°), j=12....m,

where N and n, denote numbers of observations in the des'@glsand
d,, respectively as well as?, p?, j=12,...,m, mean eigenvalues and

their multiplicities of so-calle€ matrix of the subdesigd,; .

We use foregoing information about the generatingdssigns in the
constructing method of an incomplete SSP design.

Let N, =N, ONgz 01, be thevxb incidence matrix of the considered
SSP design with parameters:

v=stw, b=b,b;, k=k,kew, r=r,Ory, 01, (3.6)



64 KATARZYNA AMBRO ZY, IWONA MEJZA

where matricesN, and N, are given in (3.3) and their parameters are

presented in (3.4)—(3.5). This incidence mafNx with respect to blocks plays

an important role in construction methods of anyPSfsign. The applied

construction leads to proper (cf. Galki and Kageyama 2000, Definition 2.2.2)
and non-equireplicated SSP design (cf. f&kii and Kageyama 2000, Definition
2.2.3).

The orthogonal block structure of the considere® #8sign allows one to
apply Nelder's approach to the analysis of variafme the multistratum
experiments (Nelder 1965a, 1965b). The stratumyaaalare expressed in terms
of basic contrasts introduced by Pearce et al. 4197

It can be shown (e.g. Ambip and Mejza, 2011) that in the SSP stratum
model there are five strata, i.e. the total-areat\stn (“zero” stratum), the inter-
block stratum (the first stratum), the inter-whghot stratum (the second
stratum), the inter-subplot stratum (the third tstm® and the inter-sub-subplot
stratum (the fourth stratum).

Statistical properties of the SSP designs aree@lamainly to algebraic

properties of stratum information matricds, , f =01,...,4 (cf. Ambrazy and

Mejza, 2011). In the present case of the desigmdmf these matrices are given
in (3.7).

Assuming that r; = diag(,,r,.....1, b,) and rg =diag(y,r,,....1,, by) we
have

1 I I I
A, =arArADrBrB 0

A, =%NAN'A ONgN, 01,2, —b—lkrAr; Orgrg 01,5,

K,w

1 1 ' ' '
Azz—[rf\—ENANAjDNBNBﬂlwlw. (3.7)

A, =V1vr2 D(ré —iNBN'Bj 01,1,
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One can check that the resulting SSP design is ragdnebalanced.
It follows from the fact the matrices (3.7) commutith respect tor ° (e.g.
Mejza 1992, Ambray and Mejza 2011), where™® = diag(l/r,, ...,1/1,) . This

means that the matrices (3.7) have a common seeigénvectorsp,
corresponding to eigenvalues, with respect tor®, where O<e, <1 and
f=01234; h=12..v. Since A;1,=0 for f >0, the last

eigenvector may be chosenps=n"?

1,. The remaining eigenvectors, for
h<v, where pir°p, =0, form the basis for all vectors generating some

contrasts. We can note that any veatpr=r°p, such that the eigenvectqr,
satisfies the condition

Ap,=€urp,, for £=01234; h=12..,v (38

defines an orthogonal (basic) contrast (cf. Pearce et al., 1974).

It allows to define a common set of basic contra&$ts and corresponding
to them stratum efficiency factoes,, which satisfy the following relations (e.g.
Mejza, 1997a):

4
[T(eoy =1, €5, =0), D&y =1, for h<v.
f=1

h<v

If €4 =1 then full information on thé-th basic contrast is included in one

stratum (thd-th stratum) only. We can say the SSP design tsogdnal in the
f-th stratum with respect to this contrast.Ok €, <1 then the information on

the h-th basic contrast occurs in two strata at leastmRhe relationA 1, # 0

it follows that the total-area stratum (fof =0) is connected mainly with
estimating the general mean.
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Table 1. Stratum efficiency factors of the considered mpete SSP design

Types of o Strata
contrasts 1 2 3 4
P: 1_51A €1A
AT = S_L -1
P 1-¢2 8%
AVs AT =t o=l |
pf 1_€1B €
BT :tl -1 .
pE 1-gf, €,
B'vsB”| o=t ] &=l
prpy ;
@-eM)1-¢€) |e'@-¢g)) | &
proy, : ‘
_ @-eM-¢€7) | ef@-gp) | €p,
AT« BT PR N T IO [PYVCTVITRE IR
Pm P1 AN _cB Ap_ B B
Dflpi (1—8?11)(1—8512) en (-¢€l) s,iz
___________________ “(s-be&-b oo
A~B AM_ B B
AT vs A% Po Py ) e d-gr) th
g . =t, -1 ..
] e, epa-en) | e
] PrPg
A x B _
(BTVS BSD) _51_1 & =1
PPo
(A" vs ASP)
x Po Po =1 ge =1
(B" vs BSP)
C w-1 1
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Table 1. continued

py(W=1)
ATXC * = 1
P (W=1)
N e Nt L S AN IS RS AR SRR
(AT vs A%P) po(w=-1)= T
xC o =wY 80_
p,(w=1)
B'xC . - 1
P, (W-1)
ey
(BTVS BSD) poB(W_1)= SB =1
xC -w-1 e
pror (Ww—1)
prPg, (W=1)
ATx BT ............ = 1
xC PmPr (W=1)
PePh, (W=1)
_________________ =06 -Yw=y |
A | (s -DpBw-D=
T SD B _
(B'vs B™) = (s, ~Dw-1) g =1
xC
(AT VS ASD) Pé\ (tl—l)(W—1)= SA -1
xBTxC | =-Dw-n |
(A" vs ASP)
A B
x Po Po (w-1= eleB =1
(B" vs BP) =w-1 o
xC

df (degrees of freedgm- numbers of the particular types of the consrastimable in the strata;
1 — the inter-block stratum, 2 — the inter-wholettratum, 3 — the inter-subplot stratum, 4 — the
inter-sub-subplot stratum
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In the present paper, we consider the following$ypf the basic contrasts:
among main effects of the whole plot treatmenttudfing: the tesi treatments
( A") and between the test group and the whole platiaral (A" vs. AS°), then
among main effects of the subpl&) freatments including: the teBttreatments
(B") and between the test group and the whole plotdsia B' vs. B%"),
among main effects of the sub-subpl@) treatments, and other interaction
contrasts as in Table 1.

Analyzing algebraic properties of the matrices Y\3we can obtain
information about estimability of the basic contsagn the strata and their
stratum efficiency factors €,,, f=1....4; h=12..v-1=stw-1.

In Table 1 thee,, are expressed by the eigenvalwés j=12...,m ande’,
| =1,2,...,m, given in (3.4) and (3.5) according to the congtamcmethod.

4. Example

Let us assume the aim of the experiment was tostigage the reaction of
s = 7 genotypes of winter wheat (the whole plot treats) fort =5 different
doses of nitrogen fertilization (the subplot treaits) and a chemical
preparation — growth regulatow (= 2). So we haves = stw=70 treatment
combinations.

The genotypes comprised six new varietiss<6; A, ...,A; ) called the

test whole plot4) treatments and one standard variefy X called the standard

whole plot @) treatment. The test subploB)(treatments were definited by
increasing fertilization dosed3,, B,,B;,B, (t, =4), and B, (no fertilization)
signified the standard (control) subplot treatmdrite sub-subplot treatments
corresponded to the application (or no applicatafrithe chemical preparation.
Because an experimental material connected withvagigties was limited,
this experiment was conducted in an incompletet-split-plot (SSP) design
with an incidence matriN, =N, ON, 01, . Before specifying the parameters
of the SSP design, the statistical properties ef denerating subdesigns for

factorsA andB will be discussed.
It was assumed that
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101
110 1 0 1 O]

- 011 . 1001
NA:{NIA}Zl 01 andNB{N,B}zo 10 1], (41
L 110 L. 0110
011 111 1]

11 1]

where NA and NB are incidence matrices of group divisible panidalanced

incomplete block designs of types S1 and SR1, otisedy (see Clatworthy
1973, Ambray and Mejza 2005). They apply to the test whold pleatments
and the test subplot treatments. You can write thenstatistical properties (3.1)
as follows:

§=6, b,=3, k,=4, r,=[222222]

which define number of the test varieties, numbkeblocks, size of blocks,
vector of test A treatment replicates, as well as eigenval@&s=1 and
€, = 075 with their multiplicities p;* =3 and pj' =2, respectively, of so-

calledC matrix of the subdesigJA.
Likewise, the statistical properties (3.2) area@®ivs:

~ ~

t=4,by=4, ky=2,1,=[2222],
€% =1,p; =1, ¢ =05,p, =2.

Each of theNA and NB is supplemented respectively, by one standard
treatment, hence we obtain the matrices given ii)(4They concern the
generating designgl, and d; which are PEB designs withm, =m, =2
efficiency classes. The parameters are:



70 KATARZYNA AMBRO ZY, IWONA MEJZA

- for the whole plot treatments (all varietiess=7, b, =3, k, =501,,
r.=[2222223], ¢ =1, py=1, ¢/ =1, p/'=3, &, =08,

A .

Py =2;

—for the subplot treatments (all doses of fertima): t=5, b, =4,
kp,=30,, r,=[22224]", &=1, p=1, =1, p=1,
e =0.667, p; =2.

Finally, using (3.6) and the algebraic propertiegeig above, we can write
the following parameters of the incomplete SSPgfesi

v=70b=12, k=30, r=[22222230[22224] 01,.

We can obtain information on the algebraic properdf the matrices\
f = 1,2,3,4 defined in (3.7), resulting from the exigalues of the generating
matrices (see Table 1) or an appropriate computgram too.

It can be shown that the eigenvalueg from (3.8), where;f = 1,2,34;

h=12,...,69 (and their multiplicities) for each matrix arefaows:
A,:0.333(2); 0.2 (6); 0.0667 (4);0 (58) A,:1(14); 0.667 (14); 0 (42)
A,:1(4); 0.8 (2); 0.333 (8); 0.266 (4); 0 (52)A,: 1 (35); 0 (35).

The eigenvaluese,, which fulfill O0<e, <1 are interpreted as stratum

efficiency factors (see Table 2). The other infaiorais also given in Table 2,
for example the distribution of information relaito the basic contrasts.

From Table 2 it can be seen that only contrasts amorig eféects of the
test A treatments A"), the testB treatments B') and the contrasts of the
interaction effects of typeA' xB', (ATvs A®®)xB' are estimated with
a different precision (two classes of efficiencyhe contrasts with the first
group of efficiency are estimated with full effioigy (=1) in appropriate strata
and the contrasts with the second group with nibefticiency are estimated in

two or three strata. The remaining contrasts ati@nated as in a complete
(orthogonal) SSP design with full efficiency (= It)follows from:
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- the construction method (the whole pl&) ¢reatments and the subplot
(B) treatments are allocated in the supplemented Si#flesigns, the
sub-subplot€) treatments in the RCB subdesign),
— the nature of the SSP design (a nested systemnitsj.un
Details connected with the statistical stratum wsial with respect to the
basic contrasts can be found in, e.g. Anaprand Mejza (2006).
In the statistical inference about those contragigh are estimable within two
or three strata, we can use information about theparately from one stratum only
or perform the combined estimation and testinglfem based on information from
the relevant strata (see, Gaki and Kageyama 2000, Sections 3.7-3.8, 5.5).

Table 2. Stratum efficiency factors of the SSP desigrhimdéxample

Strata
Types of contrasts df 1 5 3 7
3 1
T
___________________ A l2 o2 |08 | |
AT vs ASP 1 1
"""""""""" BT [ T A R T R
______________________________________________ 2 | 033| 10667
B" vs BSP 1 1
______________________________________________ e e S E
AT x BT 6 0.333 | 0.667
______________________________________________ 4 10066 | 0267 | 0667 |
T sb T 1 1
___________ (Avs A™B | 2 | |osss|oeer|
AT X( BT VS BSD) 5 1
(A" vs AP)x(B' vs B®P) 1 1
C 1 1
ATxC 5 1
(A"vs ASP)xC 1 1
B"xC 3 1
(B"vs B%®) xC 1 1
A'x BT xC 15 1
A" x (B"vs B%®?)xC 5 1
(A"vs ASP) x BT xC 3 1
(A" vs ASP)x(B' vs B3P)xC 1 1
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