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Summary 

In this paper, the properties of the regular D-optimal chemical balance weighing design are 
considered. We consider this design under assumption that the measurements errors are equally 
negative correlated they have the same variances. Here we study the issues regard to the existence 
conditions of regular D-optimal design. We present the relations between the parameters of such 
design and construction methods.  
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1. Introduction

Here, we study a linear model 

eXwy += ,
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where y  is an 1×n  vector of observed weights, ( )1,0,1−∈ ×pnΦX , the class of 

pn×  ( )pn ≥  matrices ( )ijx=X , ni ,...,2,1= , pj ,...,2,1= , of known 

elements equal to 1− , 1 or 0, w  is a 1×p  vector of unknown measurements of 
objects and e  is an 1×n  vector of random errors. In such model n  is the number 
of measurements and p  is number of objects. We assume that ( ) n0e =E  and 

( ) Ge 2Cov σ= , where n0  is vector of zeros, 0>σ  is known parameter, G  is 
the nn×  symmetric positive definite matrix of known elements given in the form 

 ( )[ ] 0
1

1,0,1 ' <ρ<
−
−

>ρ+ρ−=
n

gg nnn 11IG , (1.1) 

where ρ,g  are known, nI  denotes identity matrix of rank n  and n1  denotes 
1×n  vector of ones.  

The inverse of matrix G  is given as  

( )( ) ( ) 







−ρ+

ρ
−ρ−= −− '11

11
1 nnn n

g 11IG . 

For the estimation of unknown measurements of objects w  we use the 
normal equations yGXwXGX 1'1' ˆ −− = . We said, that the design 

( )1,0,1−∈ ×pnΦX  is nonsingular if and only if the matrix XGX 1' −  is 

nonsingular, i.e. if and only if X  is of full column rank. Assuming that XGX 1' −  
is nonsingular, the generalized least squares estimator of w  is given by 

( ) yGXXGXw 1'11'ˆ −−−=  and ( ) ( ) 11'2ˆVar −−σ= XGXw . The matrix 

XGXM 1' −=  is called the information matrix of the design X . Since the 
purpose of weighing designs is to estimate each of the individual unknown 
measurements (weights) of objects with whether accuracy it is reasonable to 
expect the design to give minimal general variance for all estimated weights. So, 
D-optimality criterion is considered. The optimality problem is concerned with 
efficient estimation in the sense of D-optimality by a proper choice of the design 
matrix X  among many at our disposal. As to the notation of D-optimality, the 
idea is to minimize the determinant of 1−M  for each form of G . Different forms 
of the matrix G  have been considered in the literature. For details, we 
recommend Jacroux et al. (1983), Masaro and Wong (2008), Katulska and Smaga 
(2013). Some applications of such designs are given in Banerjee (1975). The 
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relations between chemical balance weighing designs and the factorial designs 
are given by Cheng et al. (2004). The practical applications of such designs in the 
agriculture, medicine as well as in industy are presented in Bose and Bagchi 
(2007), Jacroux (2009). 

In present paper, we present new results related to the D-optimal chemical 
balance weighing designs assuming that the random errors are equally negative 
correlated and with the same variances. We give new construction method of D-
optimal design. It is based on the incidence matrices of the balanced bipartite 
weighing designs and the ternary balanced block designs. We give the lower 
bound for the determinant of the inverse of the information matrix and the list of 
the parameters of D-optimal experimental plans. 

2. D-optimal design 

Let us consider [ ] ( )1,0,1,...,, 21 −∈= ×pnp ΦxxxX . Our goal is to 

determine matrix X , for that the lower bound of ( ) 11'det −− XGX  is minimal 
among matrices in the class ( )1,0,1−×pnΦ . Based on the results given in Rao 
1973: Section 1c.1 (ii) (b) we get  

Lemma 2.1. For diagonal elements of the inverse of information matrix, the 

inequality ( ) ( ) ( )

1''
'11'1

11
1

−
−−−












−ρ+
ρ

−ρ−≥=
n

gM jnnj
jjjjjj

x11x
xxxGx  holds. 

Next, we prove the inequality which gives the lower bound for determinant 1−M .  

From Ceranka and Graczyk (2016) we have  

Theorem 2.1. If ( )1,0,1−∈ ×pnΦX  and G  is given in 1.1 then  

 ( ) ( )
( )

p

n
ummg 





















−ρ+

−ρ
−ρ−≥

−

−

12
1

11
21det M ,  (2.1) 
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where { }pmmmm ,....,,max 21= , jm  represents the number of elements equal to 

1−  and 1 in j th column of X , { }puuuu ,...,,min 21= , ju  represents the number 
of elements equal to 1−  in j th column of X , pj ,...,2,1= .  

Definition 2.1. Any chemical balance weighing design ( )1,0,1−∈ ×pnΦX  with 

the variance matrix of errors G2σ , where G  is given in 1.1, is said to be regular 
D-optimal if it satisfies the equality in 2.1, that is 

( ) ( )
( )

p

n
ummg 





















−ρ+

−ρ
−ρ−=

−

−

12
1

11
21det M . 

Theorem 2.2. Any chemical balance weighing design ( )1,0,1−∈ ×pnΦX  with 

the variance matrix of errors G2σ , where G  is given in 1.1 is regular D-optimal 
if and only if  

(i) ( )
( ) ( )'

2
'

11
2

pppp n
umm 11IIXX −
−ρ+

−ρ
−=   and 

(ii) pn z1X =' , 

where pz  is 1×p  vector, for which the j th element is equal to um 2−  or 

( )um 2−− , pj ,...,2,1= .  

3. Construction of regular D-optimal designs 

In any class { }1,0,1, −× mpnΦ  we are not able to determine regular D-optimal 
design, for example based on the methods given in Ceranka and Graczyk (2014 
a, b, c, 2015). So, the basic idea of this paper is to determine regular D-optimal 
design in the classes in that it is impossible yet. The construction presented here 
is based on the incidence matrices of the balanced bipartite weighing designs and 
the ternary balanced block designs. Here, we broaden the list of classes 

( )1,0,1−×pnΦ  in that regular D-optimal chemical balance weighing design 
exists. Thus, we recall the definition of the balanced bipartite weighing design 
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given in Huang (1976) and of the ternary balanced block design given by 
Billington (1984). 

The balanced bipartite weighing design with the parameters 
2121 ,,,,,, λλkkrbv  there is the design which describes how to replace v  

treatments in b  blocks such that each block containing k  distinct treatments is 
divided into 2 subblocks containing 1k  and 2k  treatments, respectively, where 

21 kkk += . Each treatment appears in r  blocks. Every pair of treatments from 
different subblocks appears together in 1λ  blocks and every pair of treatments 
from the same subblock appears together in 2λ  blocks. The parameters are  

related by the following identities ( )21 kkbvr += , ( )( ) 1
211 15.0 −−λ= kkvvb , 

( )( )( ) 1
21211 15.0 −−+λ= kkvkkr , ( ) ( )( )( )( ) 1

21221112 115.0 −−+−λ=λ kkkkkk . 
If 21 kk ≠ , then each object occurs in 1r  blocks in the first subblock and in 2r  
blocks in the second subblock, rrr =+ 21  and 

( ) ( ) 1
112

1
211 15.0,15.0 −− −λ=−λ= kvrkvr . *N  is the incidence matrix of such 

a design with the elements equal to 0 or 1 and 

( ) ( ) ( ) '
2121

'**
vvvr 11INN λ+λ+λ−λ−= . 

Any ternary balanced block design with the parameters v , b , r , k , λ , ,1ρ  

2ρ  is a design that describe how to replace v  treatments in b  blocks, each of size 
k  in such a way that each treatment appears 0, 1 or 2 times in r blocks. Each of 
the distinct pairs of treatments appears λ  times. Each treatment occurs alone in 

1ρ  blocks and is repeated two times in 2ρ  blocks, where 1ρ  and 2ρ  are constant 
for the design. It is straightforward to verify that 

( ) ( ) ( )2211,2, 2121 −ρ+−ρ=−λρ+ρ== kkvrbkvr . N  is the incidence 
matrix of such design with elements equal to 0, 1 or 2 and 

( ) '
21

' 4 vvv 11INN λ+λ−ρ+ρ= . 

Now, we form the design matrix ( )1,0,1−∈ ×pnΦX  of the chemical balance 
weighing design as 

 












−
= ''

2

'
1

2 vb 11N
N

X ,  (3.1) 
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where 1N  is constructed from *
1N - the incidence matrix of the balanced bipartite 

weighing design with the parameters 2111211111 ,,,,,, λλkkrbv  by replacing in 
each column 11k  elements equal +1 that correspond to the elements belonging to 
the first subblock by –1 and 2N  is the incidence matrix of the ternary balanced 
block design with the parameters v , 2b , 2r , 2k , 2λ , 12ρ , 22ρ . For 

( )1,0,1−∈ ×pnΦX  in the form 3.1 21 bbn +=  and vp = .  

Lemma 3.1. Any chemical balance weighing design ( )1,0,1−∈ ×pnΦX  in the 

form 3.1 with the variance matrix of errors G2σ , where G  is given in 1.1, is 
nonsingular if and only if 2111 kk ≠  or vk ≠2 .  

The optimality conditions indicated in Theorem 2.2 implies that the 
construction methods of the regular D-optimal design ( )1,0,1−∈ ×pnΦX  are 
depended on the parameter ρ . Thus, we can formulate the following Theorem. 

Theorem 3.1. Any nonsingular chemical balance weighing design 
( )1,0,1−∈ ×pnΦX  given by 3.1 with the variance matrix of errors G2σ , where 

G  is of the form 1.1, is regular D-optimal if and only if  

(i) 02 2221121 <−λ++λ−λ rb   and 

(ii) 
( ) ( )( )222112121

2
22111

2221121

212
2

rbbbbrrr
rb

−λ++λ−λ−+−−+−
−λ++λ−λ

=ρ , 

where ( ) 1
211111 15.0 −−λ= kvr . 

Proof. If ( )1,0,1−∈ ×pnΦX  then ( ) +λ−ρ++λ+λ−= vrr IXX 222211211
' 2  

( ) '
2221121 2 vvrb 11−λ++λ−λ+ . Hence, from Theorem 2 it follows that 

chemical balance weighing design is regular D-optimal if and only if conditions 
(i) and (ii) are simultaneously fulfilled. The condition pn z1X ='  implies that 

umnj 2'' −=1Xc  or ( )um 2−− , pj ,...,2,1= , where 

22111 22 brrrum −+−=− , jc  is j th column of the matrix pI . From 

( )
( ) ( )'

2
'

11
2

pppp n
umm 11IIXX −
−ρ+

−ρ
−=  we obtain 

( )
( )11

2 2
''

−ρ+
−ρ

=
n

um
jj XcXc  and 
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consequently 2221121
'' 2' rbjj −λ++λ−λ=XcXc , 'jj ≠ . Moreover, 

=−λ++λ−λ 2221121 2rb  ( )
( )11

2
21

2
22111

−+ρ+
−+−ρ

bb
brrr  and the condition (ii) is true. 

Under (i), the denominator (ii) is greater than zero, hence 0<ρ , i.e. 

( ) 01 1 <ρ<−− −n .  

Subsequently, we give the theorems presenting the parameters of the 
balanced bipartite weighing designs and the ternary balanced block designs. 
Based on these parameters we form the incidence matrices and next, the design 
matrices of the regular D-optimal chemical balance weighing design 

( )1,0,1−∈ ×pnΦX .  

Theorem 3.2. If for a given ρ , the parameters of the ternary balanced block design 
are equal to 122 +== skv , usrb +== 222 , 122 −+=λ us , u=ρ12 , s=ρ22  
and the balanced bipartite weighing design are equal to 

(i) ( ) 12 22652 −
−++−=ρ uss  and 12 += sv , ( )121 += ssb , sr 31 = , 

111 =k , 221 =k , 211 =λ , 121 =λ , 7,4,2=s , 

(ii) ( ) 12 134 −
−++−=ρ uss  and 12 += sv , ( )121 += ssb , sr 61 = , 211 =k , 

421 =k , 811 =λ , 721 =λ , 7,5,4=s , 

(iii) ( ) 12 339103 −
−++−=ρ uss  and 12 += sv , ( )121 += ssb , sr 81 = , 

311 =k , 521 =k , 1511 =λ , 1321 =λ , 7,5,4=s , 

,...2,1=u , then the chemical balance weighing design ( )1,0,1−∈ ×pnΦX  given 

by 3.1 with the variance matrix of errors G2σ , where G  is as 1.1, is regular D-
optimal.  

Proof. It follows immediately that that the parameters given above satisfy the 
conditions (i) and (ii) of Theorem 3.1.  

Theorem 3.3. If for a given ρ , the parameters of the ternary balanced block 
design are equal to 122 +== skv , 1422 ++== usrb , 142 −+=λ us , 

112 +=ρ u , s222 =ρ  and the parameters of the balanced bipartite weighing 
design are equal to 
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(i) ( ) 12 31573 −
++−=ρ uss  and 12 += sv , ( )121 += ssb , sr 31 = , 111 =k , 

221 =k , 211 =λ , 121 =λ , ,...3,2=s  

(ii) ( ) 12 315103 −
++−=ρ uss  and 12 += sv , ( )121 += ssb , sr 61 = , 

211 =k , 421 =k , 811 =λ , 721 =λ , ,...4,3=s , 

(iii) ( ) 12 53 −
++−=ρ uss  and 12 += sv , ( )121 += ssb , sr 81 = , 311 =k , 

521 =k , 1511 =λ , 1321 =λ , ,...5,4=s , 

,...2,1=u , then the chemical balance weighing design ( )1,0,1−∈ ×pnΦX  given 

by 3.1 with the variance matrix of errors G2σ , where G  is as 1.1, is regular D-
optimal.  

Proof. It is a simple matter to check that the parameters given above satisfy the 
conditions given in Theorem 3.1. 

Theorem 3.4. If for a given ρ , the parameters of the ternary balanced block 
design are equal to 12 += sv , ( )122 += sub , ( )122 +−= tsur , 

122 +−= tsk , ( )1222 +−=λ tsu , ( )12 2
12 +−=ρ tsu , ( )15.022 −=ρ tut  

and the parameters of the balanced bipartite weighing design are equal to 

(i) ( ) 1222 1223 −
−++−++−=ρ uussutstus  and 12 += sv , 

( ),121 += ssb  sr 31 = , 111 =k , 221 =k , 211 =λ , 121 =λ ,  

(ii) ( ) 1222 1246 −
−++−++−=ρ uussutstus  and 12 += sv , 

( )121 += ssb , sr 61 = , 211 =k , 421 =k , 811 =λ , 721 =λ ,  

(iii) ( ) 1222 2244282 −
−++−++−=ρ uussutstus  and 12 += sv , 

( )121 += ssb , sr 81 = , 311 =k , 521 =k , 1511 =λ , 1321 =λ ,  

where ,...2,1=u , for the cases (i) and (ii) 








==
==
==

,...9,8and4
,...6,5and3
,...3,2and2

st
st
st

, for the case 

(iii) 4,3,2=t , ,...12,2 += tts , then the chemical balance weighing design 
( )1,0,1−∈ ×pnΦX  given by 3.1 with the variance matrix of errors G2σ , where 

G  is as 1.1, is regular D-optimal.  
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Proof. In is evident, the parameters given above satisfy the conditions (i) and (ii) 
presented in Theorem 3.1. 

Theorem 3.5. Let 14 += sv . If for a given ρ , the parameters of the balanced 
bipartite weighing design and the ternary balanced block design are equal 

(i) ( ) 12 327133 −
++−=ρ uss  and ( )141 += ssb , sr 51 = , 211 =k , 321 =k , 

311 =λ , 221 =λ  and 1822 ++== usrb , 142 += sk , 182 −+= usλ , 
112 +=ρ u , s422 =ρ , ,...2,1=u , ,...3,2=s , 

(ii) ( ) 1222 1425 −
−++−++−=ρ uussutstus  and ( )141 += ssb , sr 51 = , 

211 =k , 321 =k , 311 =λ , 221 =λ  and ( )142 += sub , ( )142 +−= tsur , 

142 +−= tsk , ( )1242 +−=λ tsu , ( )14 2
12 +−=ρ tsu , 

( )15.022 −=ρ tut , 4,3,2=t , ,...1, += tts , 

,...2,1=u , then the chemical balance weighing design ( )1,0,1−∈ ×pnΦX  given 

by 3.1 with the variance matrix of errors G2σ , where G  is as 1.1, is regular D-
optimal.  

Proof. Obviously, the parameters given in (i)-(ii) satisfy two conditions given in 
Theorem 3.1. 

Theorem 3.6. If for a given ρ , the parameters of the balanced bipartite weighing 
design are equal to sv 2= , ( )121 −= ssb , ( )1231 −= sr , 211 =k , 421 =k , 

811 =λ , 721 =λ  and the parameters of the ternary balanced block design are 
equal to 

(i) ( ) 12 835103 −
−++−=ρ uss  and skv 22 == , 2422 −+== usrb , 

442 −+=λ us , u=ρ12 , 1222 −=ρ s , ,...4,3=s , 

(ii) ( ) 1222 22256 −
+−+−+−=ρ usutsutstus  and sv 2= , usb 22 = , 

( )tsur −= 22 , tsk −= 22 , ( )tsu −=λ 22 , ( )2
12 2 tsu −=ρ , 

( )15.022 −=ρ tut , 








==
==
==

,...10,9and4
,...6,5and3
,...4,3and2

st
st
st

,  
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,...2,1=u , then the chemical balance weighing design ( )1,0,1−∈ ×pnΦX  given 

by 3.1 with the variance matrix of errors G2σ , where G  is as 1.1, is regular D-
optimal.  

Proof. Clearly, the parameters given above satisfy the conditions (i) and (ii) of 
Theorem 3.1. 

Theorem 3.7. If for a given ρ , the parameters of the balanced bipartite weighing 
design are equal to sv 6= , ( )1661 −= ssb , ( )1631 −= sr , 111 =k , 221 =k , 

411 =λ , 221 =λ  and the parameters of the ternary balanced block design are 
equal to 

(i) ( ) 12 114121804 −
−++−=ρ uss  and skv 62 == , 21222 −+== usrb , 

4122 −+=λ us , u=ρ12 , 1622 −=ρ s , ,...2,1=s , 

(ii) ( ) 1222 112212181082 −
−++−−+−=ρ usutsutstus  and sv 6= , 

usb 62 = , ( )tsur −= 62 , tsk −= 62 , ( )tsu −=λ 322 , ( )2
12 6 tsu −=ρ , 

u=ρ22 , 4,3,2=t , ,...1,,1 +−= ttts , 

,...2,1=u , then the chemical balance weighing design ( )1,0,1−∈ ×pnΦX  given 

by 3.1 with the variance matrix of errors G2σ , where G  is as 1.1, is regular D-
optimal.  

Proof. It is easily seen that that the parameters given above satisfy the conditions 
(i) and (ii) of Theorem 3.1. 

Theorem 3.8. If for a given ρ , the parameters of the balanced bipartite weighing 
design and the ternary balanced block design are equal to 

(i) ( ) 12 982 −
++−=ρ ss  and 5=v , 101 =b , 61 =r , 111 =k , 221 =k , 

211 =λ , 121 =λ  and 5=v , ( )152 += sb , ( )142 += sr , 42 =k , 
232 +=λ s , s412 =ρ , 222 =ρ , ,...2,1=s , 

(ii) ( ) 12 635 −
+−−=ρ ss  and 9=v , 361 =b , 321 =r , 311 =k , 521 =k , 

1511 =λ , 1321 =λ  and 9=v , ( )432 += sb , ( )422 += sr , 62 =k , 
52 +=λ s , 812 =ρ , s=ρ22 , ,...2,1=s , 
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(iii) ( ) 127 −+−=ρ s  and 9=v , 181 =b , 101 =r , 211 =k , 321 =k , 311 =λ , 
221 =λ  and =v 92 =k , =2b 82 += sr , 72 +=λ s , s=ρ12 , 422 =ρ , 
,...2,1=s ,  

(iv) 1011−=ρ  and 11=v , 551 =b , 401 =r , 311 =k , 521 =k , 1511 =λ , 
1321 =λ  and =v 112 =k , =2b 72 =r , 42 =λ , 512 =ρ , 122 =ρ , 

(v) 5683−=ρ  and 12=v , 1321 =b , 331 =r , 111 =k , 221 =k , 411 =λ , 
221 =λ  and 12=v , 182 =b , 152 =r , 102 =k , 112 =λ , 112 =ρ , 
722 =ρ , 

(vi) ( ) 12 91925.0 −
+−−=ρ ss  and 12=v , 1321 =b , 331 =r , 111 =k , 

221 =k , 411 =λ , 221 =λ  and 12=v , ( )5232 += sb , ( )5222 += sr , 
82 =k , ( )322 +=λ s , s2612 −=ρ , 2322 +=ρ s , 2,1,0=s ,  

(vii) 1151−=ρ  and 12=v , 661 =b , 331 =r , 211 =k , 421 =k , 811 =λ , 
721 =λ  and 12=v , 182 =b , 152 =r , 102 =k , 112 =λ , 112 =ρ , 
722 =ρ , 

(viii) ( ) 12 403333.0 −
+−−=ρ ss  and 15=v , 1051 =b , 561 =r , 311 =k , 

521 =k , 1511 =λ , 1321 =λ  and 15=v , ( )432 += sb , ( )422 += sr , 
102 =k , 52 +=λ s , s2612 −=ρ , 1222 +=ρ s , 2,1=s , 

then the chemical balance weighing design ( )1,0,1−∈ ×pnΦX  given by 3.1 with 

the variance matrix of errors G2σ , where G  is as 1.1, is regular D-optimal.  

Proof. It is easy to check that the parameters given above satisfy the conditions 
indicated in Theorem 3.1.  

4. Discussion 

Some constructions of the regular D-optimal chemical balance weighing 
designs with negative correlated errors based on the set of the incidence matrices 
of the balanced bipartite weighing designs were presented in Ceranka and 
Graczyk (2014c). Let us consider the class ( )1,0,1520 −×Φ . Here, the regular D-
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optimal chemical balance weighing design was determined for 55
1−=ρ  (Th. 

2.3(xii), 2=s , 1=t ), 83
1−=ρ  (Th. 2.3(xiii), 2=s , 1=t ). The regular D-

optimal chemical balance weighing design was determined for 20
1−=ρ  

(Th. 6(i), 1== us ), 37
1−=ρ  (Th. 6(iii), 1== ts , 1=u ) in Ceranka and 

Graczyk (2015). Evidently, it is not possible to determine regular D-optimal 
chemical balance weighing design in any class ( )1,0,1−×pnΦ  and for any value 
ρ . Hence, in this paper we give the matrix of regular D-optimal in class 

( )1,0,1520 −×Φ  design for 21
1−=ρ  (Th. 4(i), 2=s , 6=u ), 61

3−=ρ  (Th. 

5(i), 2=s , 1=u ), 19
1−=ρ  (Th. 6(ii), 2=== uts ), 23

1−=ρ  (Th. 6(ii), 

3,2 === tus ), 18
1−=ρ  (Th. 10(i), 1=s ). Similarly, for the class 

( )1,0,1972 −×Φ , the constructions for 469
3−=ρ  (Th. 2.3(vi), 4=s ), 

199
1−=ρ  (Th. 2.3(x), 4=s , 1=t ), 215

1−=ρ  (Th. 2.3(xii), 4=s , 1=t ), 

327
1−=ρ  (Th. 2.3(xiii), 4=s , 1=t ), 471

1−=ρ  (Th. 2.3(ix), 4=s ) were 

presented in Ceranka and Graczyk (2014c). By contrast, in Ceranka and Graczyk 

(2015) the constructions for the cases 72
1−=ρ  (Th. 6(i), 2=s , 37=u ), 

169
1−=ρ  (Th. (iii), 2=s , 1=t , 6=u ), 135

1−=ρ  (Th. 11(iii), 2=s , 

40=u ), 199
1−=ρ  (Th. 5, 1=s , 4=t , 7=u ), 471

1−=ρ  (Th. 11(ii), 

14=u ) were presented. The current study solves the existence problem in 

mentioned class for the cases 79
1−=ρ  (Th. 4(i), 4=s , 28=u ), 103

1−=ρ  

(Th. 4(ii), 4=s , 28=u ), 229
3−=ρ  (Th. 5(i), 4=s , 19=u ), 277

3−=ρ  

(Th. 5(ii), 4=s , 19=u ), 87
1−=ρ  (Th. 5(iii), 4=s , 19=u ), 217

3−=ρ  

(Th. 7(i), 2=s , 37=u ), 171
1−=ρ  (Th. 7(ii), 2== ts , 6=u ), 73

1−=ρ  

(Th. 10(iii), 46=s ).  

In the present paper, under fixed assumptions, we gave the solution of the 
problem how to determine the regular D-optimal chemical balance weighing 
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design in the classes in that we are not able to indicate optimal design by using of 
the methods know in the literature. 

5. Example 

Let us consider the experiment in that we determine unknown measurements 
of 5=p  objects by used of 20=n  measurements assuming that the correlation 

between measurement errors equals 61
3−=ρ . We construct the matrix 

( )1,0,1520 −∈ ×ΦX  according to the Theorem 5(i). Let *
1N  be the incidence 

matrix of the balanced bipartite weighing design with the parameters 5=v , 
101 =b , 61 =r , 111 =k , 221 =k , 211 =λ , 121 =λ  and let 2N  be the incidence 

matrix of the ternary balanced block designs with the parameters =v 52 =k , 
=2b 102 =r , 82 =λ , 212 =ρ , 422 =ρ  given in the forms 























=

222121

221221

122221

122212

112222

*
1

1101011100
1011100110
1110010011
0011111001
0100101111

N , 























=

1200212002
2120021200
0212002120
0021200212
2002120021

2N , 

where ς1  denotes the element belonging to the thς  subblock, respectively, 

2,1=ς . 

According to the formula 3.1 we form the matrix ( )1,0,1520 −∈ ×ΦX  of the 
regular D-optimal chemical balance weighing design as 
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



































































−−
−−

−−
−−

−−
−−

−−
−−
−−

−−
−

−
−

−
−

−
−

−
−

−

=

01111
10111
11011
11101
11110
01111
10111
11011
11101
11110
11100
10101
01110
11010
01011
10110
10011
11001
01101
00111

X

. 
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